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ABSTRACT
The global production of metal, in particular, steel and aluminum keeps increasing. This material is
used with various fabrication processes, such as, welding, forging, and rolling that can induce stresses in
the material that can subsequently impact product performance and cause phenomena such as cracking
and corrosion. When investigating plate materials it is necessary to map both texture and stress under a
range of loading conditions. To address these needs a wide range of both destructive and nondestructive
tools have been used. One family of methods are those based on ultrasonic measurements that relate
ultrasonic velocity to properties, in particular stress. Two particular challenges are faced which are the
relative insensitivity of compression and shear waves to stress and that there are also other factors which
can also change velocity and these are temperature, texture and grain size.
This project focused on an analysis of ultrasonic velocity measurements and specifically ways to
improve performance and capabilities for stress characterization. Two approaches were considered and
are reported: the critically refracted ultrasonic longitudinal (LCR) wave and higher order Lamb waves.
The LCR wave method was modelled and optimized based on the fact that the sensitivity between
waves and stress can reach maximum when they propagate in the same direction. However, in reality
this wave typically propagates at an angle to stress, which will decrease its sensitivity. This thesis re-
ports a numerical model used to investigate the transducers parameters that can influence the directivity
of the LCR wave and hence enable performance optimization when used for industrial applications. An
orthogonal test method is used to study the transducer parameters which influence the LCR wave beams
and this method provides a design tool that can be used to study and optimize multiple parameter exper-
iments and identify which parameter or parameters are of most significance. The example considered
simulation of the acoustic field in a 2-D water-steel model is obtained using a Spatial Fourier Analysis
method. The significance of the effects of incident angle, the aperture and the center frequency of the
transducer were studied. Results show that the aperture, the center frequency and the incident angle are
the most important factors in controlling the directivity of the resulting LCR wave fields.
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The second method considered Lamb wave propagation in the direction perpendicular and paral-
lel to an applied stress. Sensitivity, in terms of changes in velocity, for both symmetrical and anti-
symmetrical modes was determined. An available model due to Gandhi, was extended to higher order
Lamb modes which were discovered to be more sensitive to stress than either bulk waves or fundamental
Lamb modes. The study considered the case of an aluminum plate both analytically and experimen-
tally. Dispersion characteristics were investigated. The experimental system used a pair of compression
wave transducers on variable angle wedges, with set separation, and variable frequency tone burst ex-
citation, on an aluminum plate 1.6 mm thick with uniaxial applied loads. The loads used were up to
600 µε, which were measured using strain gauges. The measurement was taken in various locations
on the plates to investigate the effects of small changes in plate thickness, the grain size and texture.
Model and experimental data are in good agreement. It was discovered that the change in Lamb wave
velocity, due to the acoustoelastic effect, for the S1 mode exhibits about 10 times more sensitive, in
terms of velocity change, than the traditional bulk wave measurements, and those performed using the
fundamental Lamb modes. The data presented demonstrate that there is potential for the use of higher
order Lamb modes for on-line characterization of stress in plate materials and that these methods offer
potential for higher sensitivity than that reported previously.
1CHAPTER 1. INTRODUCTION
Metal in the form of plates is used in a diverse range of structures and components (Altan and
Tekkaya, 2012). Such material can be formed by a diverse range of forming processes including rolling,
and when formed it is necessary to ensure that the material meets appropriate specifications. Such
specifications can include chemical (elemental) composition, grain size, texture/anisotropy, thickness,
uniformity, and strength. In many cases there is also a need to provide characterization of both residual
stress, induced during forming and subsequent loading, including in-service behavior.
Global production of steel has continued to increase; in 2015 it had already reach 1620.9 million
tons according to WorldSteel Association (2016). Also, the annual global production of aluminum
reaches 58.89 million tons, according to the website of the International Aluminum Institute. In many
cases the basic metal used in systems is in the form of plates, and the applications for plate material can
be as diverse as ship-building and aircraft skin.
There therefore remains a need for improved on-line real time measurements of stress in thin metal
plates. There are many available methods for stress (both applied loads and residual stress) character-
ization, and they can be generally classified as destructive methods (like hole drilling (Schajer, 1988)
and layer removal (Greving et al., 1994), and non-destructive methods (like X-ray Diffraction (Welzel
et al., 2005) and ultrasonic (Lee et al., 1997)), with each method offering both advantages and disad-
vantages. From all these methods an ultrasonic method, based on the acoustoelastic effect (Pao and
Gamer, 1985) and using the relationships between elastic properties and velocity, will be highlighted
here (Kandil et al., 2001). Ultrasonic methods have been proven to represent an effective modality; they
are nondestructive, in principle easy to perform, and relatively inexpensive. They also can be used in a
non-contact method with potential for in-process implementation during either forming or processing.
However, there are also obvious disadvantages associated with such methods. On the one hand, ultra-
sound velocity is not very sensitive to stress, while on the other hand, other factors like texture (Hirao
2et al., 1987), material grain size (Palanichamy et al., 1995) and temperature (Salama and Ling, 1980)
can all influence ultrasound velocity, so precision timing is required for wave propagation measurement.
1.1 Problem description
The main problem associated with the traditional ultrasonic method is that the acoustoelastic effect
relationship (Pao and Gamer, 1985) is weak between stress and ultrasound velocity (or Time of Flight
(TOF)). Fig. 1.1 shows the relationship between ultrasound velocity and stress (strain) for the elastic
media (Egle and Bray (1976)). Also, as mentioned above, texture and temperature all have about
the same level of influence as stress. For a sample with residual stress, the travel time is related to
combined effects of residual stress, texture, temperature and applied loads, and can be written as (Bray
and Stanley, 1996):
t = t∗ + ∆tF + ∆tRS + ∆tTX + ∆tT (1.1)
Where
t = measured travel-time;
t∗ = travel-time for homogeneous, isotropic, stress-free steel at a standard temperature;
∆tF = travel-time effect from the applied (active) force;
∆tRS= travel-time effect from the residual stress;
∆tTX= travel-time effect from the material texture (uniform and polycrystalline material);
∆tT= travel-time effect from the temperature difference from a standard temperature at the time of
measurement;
As shown in Eq. 1.1, the measured TOF reflects the contribution of stress (applied stress and residual
stress), texture, and temperature, so the influence of texture and temperature must be considered when
using an ultrasonic method for stress characterization.
3Figure 1.1: Relative change of velocity with strain for bulk waves (Reprinted with Permission from
Egle, D and Bray, D. J. Acoust.Sco. Am. 60(3):741-744.)
The problem can be solved in several ways. One would be to separate the influence of various
factors (texture and temperature), and there are presently many experts focusing on this approach. Mus-
grave (1954) demonstrated the propagation of the three major velocity modes (longitudinal wave: L
wave; shear vertical wave: SV wave, and shear horizontal wave: SH wave) in transversely isotropic ma-
terials. The treatment of these three major modes in combination for an arbitrary texture was described
by Etter et al. (2003). Egle (1980) tried to combine velocities sensitive to stress while insensitive to
material texture to separate the influence of stress and texture on velocity. While they defined a line for
representing zero stress based on an isotropic model, their method could not be used for all kinds of
textured material and could measure only the change in stress, not its absolute value. Further more, the
combination velocity method seems difficult to apply to highly textural complexity (Musgrave 1970).
Temperature can cause a significant change to TOF, and as previously discussed by many experts.
Egle and Bray (1976) showed how wave speed changes with steel and PMMA, i.e., it follows a linear
relationship. Fraga et al. (2008) discussed temperature effects on stresses in API 5L steel bars with
ultrasonic LCR waves. Their results showed that there is a linear relationship between stress and tem-
4perature; as the temperature changed by 1oC, the TOF of ultrasound velocity would change by 18ns,
about the same level of influence on TOF as stress. (It has already been pointed out (Allen et al., 1982)
that the TOF resolution should usually reach 1ns for adequate stress characterization with ultrasonic
methods). As a way is to deal with the linear relationship between stress and temperature, temperature
compensation (Song et al., 2013) can be used to eliminate the influence of temperature.
Even though the relationship between ultrasound velocity and stress, the acoustoelastic effect, is
weak, its measurement should be accurate enough to obtain the required resolution for stress (Allen
et al., 1982). There are many methods (Breazeale et al., 1981) for accurate measurement of TOF
for velocity and two commonly used methods will be highlighted. The first, the sing-around technique
(Crecraft, 1968) is based on the principle that measuring TOF for many consecutive cycles and obtaining
the a single TOF value by dividing by the number of cycles. The other method, the pulse overlap
technique (Hsu, 1974), use the difference between two overlapped signals to determine TOF.
1.2 Overview of the research
This study focuses on enhancing the sensitivity between ultrasound velocity and stress. If the sen-
sitivity is high enough, the influence of other parameters (like texture and grain size) can be diminished
and more accurate results for loads/stress can be obtained. The study is mainly focused on two top-
ics: the LCR wave method, and higher order Lamb wave method. Egle and Bray (1976) discussed the
change in velocity for different bulk waves as a function of stress (strain), showing that a longitudinal
wave in the same direction as the stress (strain) exhibits the maximum sensitivity (Fig. 1.1). Based
on this principle, the LCR wave is widely used for stress characterization (Leon-Salamanca and Bray,
1996; Bray and Junghans, 1995). The the direction of the LCR wave should theoretically propagate
parallel with the interface of the two media, but in reality it propagates at an angle to the interface. If
the velocity and the stress were in the same direction the acoustoelastic effect can reach a maximum as
mentioned above. The real problem is therefore how to make the LCR wave and other possible loads
align in the same direction. A model was established to simulate generation of LCR waves and model
results compared and found to agree with those in the literature (Chaki et al., 2013). Factors that could
possibly contribute to the directionality of LCR wave were investigated. The importance of different
5parameters was obtained to provide guidance in determining the LCR wave directivity and improve the
LCR wave’s sensitivity.
Based on the acoustoelastic Lamb wave modal reported by Gandhi et al. (2012), a new MATLAB
code was developed and used to investigate the sensitivity of higher Lamb modes to stress. It was found
that higher Lamb modes are much more sensitive to stress than traditional bulk waves, and it turns out
that the S1 mode Lamb wave group velocity is the most sensitive to stress in the near cut-off frequency
area, about 10 times more than traditional bulk waves when the direction of stress and the direction of
velocity are perpendicular, and about 6 times greater than traditional bulk waves when the stress and
velocity are in the same direction.
1.3 The contributions to knowledge
The specific contributions made by this thesis are:
1. Established a numerical model for the LCR wave directivity study. The model used a 2D Fourier
transformation to describe a wave incident from water near the first critical angle to generate the LCR
waves.
2. Applied the Orthogonal Experiment Method to study parameters including the incident angle,
the center frequency and aperture of the transducer, and the location of the receiving transducer, that
can contribute to the directivity of the LCR wave.
3. Extended the existing model to higher order modes dispersion curve with uniaxial loading (par-
allel and perpendicular between stress and velocity).
4. Developed of an experimental method for stimulating higher order Lamb wave modes near the
cut-off frequency using tone burst generation system.
5. Identified a new method for possible stress detection in the plate-like sample, achieving about 10
times greater sensitivity than for traditional bulk waves.
1.4 Organization of the thesis
This research focuses on enhancing the sensitivity between stress and ultrasound velocity for both
the LCR waves and higher-order Lamb waves.
6The contents of the thesis can be summarized as:
Chapter 2 presents the background of the topic: loads and stress, residual stress, different meth-
ods for stress detection, and a comparison of these methods. Ultrasonic methods are highlighted, and
different ultrasonic methods for stress characterization are identified. Finally, possible factors that can
influence measurement results are discussed. In Chapter 3, the LCR waves are discussed, including
model development, and the Orthogonal Experiment Method is applied for parameter analysis. The
theory for Lamb wave propagation in stressed plate is discussed in Chapter 4. In Chapter 5, numerical
results are given for Lamb waves corresponding to stressed plates with different load cases, including
both perpendicular and parallel configurations. Chapter 6 describes the experimental system and exper-
imental results for Lamb waves for load and measured axis both perpendicular and parallel. In Chapter
7, numerical and experimental results shown in Chapter 5 and 6 respectively, are compared. Results are
discussed in chapter 8, and conclusions and possible further work are summarized in Chapter 9.
7CHAPTER 2. BACKGROUND AND LITERATURE REVIEW FOR STRESS
CHARACTERIZATION
Stress characterization is one of the main motivation of the thesis and this chapter introduces some
stress concepts, including the stress-strain relationship, residual stress, comparison of different methods
for stress measurement, and a literature review of the ultrasonic method used for stress characterization.
2.1 Loads and stress
The stress-strain relationship for steel (Roylance, 2001) is shown in Fig. 2.1: Point A is called
limit of proportionality; for the curve from point 0 to point A the strain is proportional to the load,
after which the stress will no longer change linearly with strain. For a short range beyond reaching
the proportionality point A, a material can still elastic, meaning that the deformation can be recovered
after the load is removed; this range is that between point A and point B, and point B is called the
elastic limit; after elastic limit point B is reached, plastic deformation begin to occur, meaning that
the deformation can not be recovered by removing loads. Points C and D are called upper and lower
yield points, respectively, where continued increase in load will cause further deformation. The point
where the stress reaches its maximum (point E) is called the ultimate strength (or yield strength), and
the steel begins to break at point F, called the break point. Deformation can be recovered below the
elastic range (from point O to point B in the curve), but in plastic range (from point C to point F in the
curve) deformation can not be recovered by removing loads and there some strain remains. The dotted
line in Fig. 2.1 shows loads with remaining strain εresidual.
8Figure 2.1: Stress and strain relationship for steel.
2.2 Residual stress
Left strains refer to residual stress (Dowell et al., 1977; Egle and Bray, 1976; Kandil et al., 2001;
Schajer, 2013), which exist in an elastic solid body in the absence of, or in addition to, the stresses
caused by an external load. For residual stresses which are self-equilibrating, the resultant force (sum
of compressive and tensile forces) they produce should be zero. Fig. 2.2 shows an example of how
residual stress forms and maintained without an external force: a plate originally in a non-stressed state
with force added to the left and right edges, if the force is large enough (causing plastic deformation)
there is some remaining stress, called residual stress, when the external force has been removed.
9Figure 2.2: Diagram shows how residual stress forms and it is maintained.
Residual stress can be generated by many mechanical process, including the working environment,
like temperature difference and applied local force, can contribute to the formation of such stresses.
The origin of residual stress can be classified as due to mechanical, thermal or chemical phenomena
(Treuting and Read Jr, 1951; Robinson et al., 2009). With response to mechanically-induced forces,
non-uniform plastic deformation is one main factor causing residual stress that can be introduced during
processes such as turning, milling or rolling. In the case of thermally-induced forces, non-uniform
heating and cooling are the usual causes of residual stress. Chemically-induced residual stress usually
originates from non-uniform or surface chemical reactions. Fig. 2.3 depicts these possible causes of
residual stress.
Residual stresses are often ignored because are self-equilibrating. During manufacturing and engi-
neering design, even though people seldom consider whether residual stresses are or not generated, such
stresses should be given much more attention because they are obviously influence component perfor-
mance. Residual stresses can be either beneficial or harmful depending on their direction and location.
To illustrate the beneficial case, a typical applications might introduce compressive residual stress to
brittle materials to prevent the formation of fractures, which is the main cause for brittle material fail-
ure. A compressive residual stress can prevent the growth of crack because if the cracks are inclined
to grow they must first overcome the residual stress, so the growth rate may at least be slowed. There
are many methods to generate compressive residual stresses, like shot peening, Laser shock processing
10
Figure 2.3: Diagram showing different causes of residual stress.
(LSP) and Low Plasticity burnishing (LPB) (Preve´y and Cammett 2001). Residual stresses of course
also can have harmful aspects such as shortening component life of decreasing component reliability.
The usual residual stresses are tension stresses that can promote the growth of cracks, and there are
many examples in industry that show that large component fractures can be caused by residual stress.
Because of non-uniform stresses in wheels, railroads can also generate residual stresses, and there have
been many railroad accidents reported (Anderson and Barkan 2004) that are caused by residual stresses.
Much health monitoring is focused on defect evaluation, and in fact many defects are caused by residual
stresses, as is shown in Fig. 2.4. So it is quite desirable to first discover the presence of residual stresses
and then remove the bad ones.
Figure 2.4: Schematic diagram showing residual stresses causing crack and defect.
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2.3 Different destructive, semi-destructive and non-destructive methods for stress
characterization
As stated above, stresses can be unconsciously created and they can be either beneficial and harmful,
so it is important to remove harmful stresses in a component while retaining beneficial stresses. There
are many methods for detecting stress and they can be classified (Kandil et al., 2001) as follows:
2.3.1 Mechanical methods
One category is Mechanical Stress Measurement Methods (Shadley et al., 1987; Treuting and
Read Jr, 1951; Bulckaen and Gucci, 1975; Keil, 1992), based on the relationship between strain and
stress. By measuring the change of strain (deformation), the relevant stress can be obtained through
knowledge of the stress-strain relationship. Mechanical Methods include the splitting method, the sec-
tioning method, and the layer removal method, the hole-drilling method, the ring-core method and
others. Fig. 2.5 depicts hole-drilling method and the splitting method.
Figure 2.5: The schematic diagram showing hole-drilling method and splitting method.
2.3.2 Radiation based diffraction methods
Diffraction Methods (Ma et al., 2002; Reimers et al., 1999) include X-ray Diffraction method, the
Synchrotron X-ray method, the Neutron Diffraction method and others. X-ray Diffraction method is
based on Braggs Law:
12
nλ = 2d sin θ (2.1)
Where n can be any positive integer (determined by the order given), λ is the wavelength of the electro-
magnetic radiation, d is the distance between the diffracting planes, and θ is the Bragg angle. Fig. 2.6
shows the parameters in detail. Strain can be obtained by:
ε =
∆d
d
= − cot θ∆θ (2.2)
Figure 2.6: Schematic diagram showing an example for radiation diffraction.
2.3.3 Magnetic methods
Magnetic Barkhausen Noise (MBN) detection is a popular magnetic method (Gauthier et al., 1998;
Yelbay et al., 2010) for stress detection. The basic theory of using MBN method for stress detection
is based on the fact that stresses can influence Barkhausen Noise signals. The phenomenon through
which stresses interact with magnetic properties of material is called Magnetoelastic interaction, and it
explains how stresses influence Barkhausen Noise signals. Based on a change in MBN, corresponding
stresses can be evaluated. Compressive residual stresses will usually decrease MBN while tensile resid-
ual stresses will usually increase MBN. The biggest limitation for this method is that it can be applied
only to ferromagnetic materials.
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2.3.4 Thermoelastic method
Thermoelastic (Robinson et al., 2009) stress analysis (TSA) is a non-destructive and portable method
that can be used for stress characterization. This method relies on the relationship between temperature
and stresses; temperature will exhibit a small change called the thermoelastic effect when there is a
change on stress, and the relationship between temperature and stress can be written as:
∆T = −KT0∆σkk (2.3)
Where T0 is the absolute temperature, ∆T expresses the change in temperature, ∆σkk is the change in
stress, K = α/(ρCp) is the thermoelastic constant, and α, ρ, Cp are material constants.
While this linear equation is based on the assumption that the material properties are independent
of temperature, in reality the material properties are influenced by temperature, so a nonlinear equation
was obtained that considers this influence:
T˙ =
T0
ρCp
[−(α+ ( ν
E2
∂E
∂T
− 1
E
∂ν
∂T
)σkk) ˙σkk + (
(1 + ν)
E2
∂E
∂T
− 1
E
∂ν
∂T
)σij σ˙ij ] (2.4)
Where T˙ is the rate of change of temperature, E and ν are Youngs modulus and Possions ration,
respectively;
2.3.5 Roman/Fluorescence method
The Raman/Fluorescence effect (Hung, 1982) is related to the interaction between light and ma-
terials. Information about a material, including possible stresses, can be obtained by analysis of the
scattered beam from the material. Fluorescence lines have a liner relationship with stresses, and as a
non-destructive method for stress detection, the Raman/Fluorescence method has high spatial resolution
compared to other methods. The disadvantage of this method is also obvious, i.e., the method can only
be applied at the material surface.
2.3.6 Ultrasonic methods
The Ultrasonic Method (Bray, 2002) is based on the acoustoelastic effect, i.e., the velocity of ultra-
sound will change with a change in stress. The biggest challenges for this method is that the velocity of
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ultrasound is not very sensitivity to stress, and the velocity can also be affected by many other factors
such as grain size and texture. All these extraneous factors that can influence the measurement results
for these factors have about the same level of influence as stress itself. The measurement’s accuracy
should also be considered. (This method will be described in more detail later)
2.3.7 Comparison of different stress measurement methods
The following three tables (Table 2.1, Table 2.2, Table 2.3) (Kandil et al., 2001) compare differ-
ent methods of stress measurement from the different perspectives of material applicability, physical
characteristics, and application analysis. Table 2.1 indicates the kind of materials the methods can be
applied for and the requirements for measurement. Table 2.2 describes different physical characteristics
for different methods. Table 2.3 is concerned with application analysis, including cost, messurement
speed, and other factors. In choosing an application or selecting a method, the various choices should
be compared and their relative advantages and disadvantages should be considered.
2.4 Ultrasonic methods for stress characterization
As described in the last section, there are many methods for stress characterization, each with ad-
vantages and disadvantages. In this section methods based on acoustoelastic effects, including the
relationships between the material elastic properties and ultrasound velocity are highlighted. Ultrasonic
methods have proven to be an effective modality: they are nondestructive, in principal easy to perform,
and relatively inexpensive. They do however require precise timing of wave propagation with stress
calculation based on averaged values over the measurement zone.
2.4.1 Literature review for ultrasonic methods
The theory for ultrasonic methods for stress characterization originated from Murnaghan’s theory
(Murnaghan, 1937) of nonlinear elasticity, which describes the finite deformation of an elastic solid.
Based on Murnaghan’s theory, Hughes and Kelly (1953) developed the theory of acoustoelasticity,
that describes the relationship between the change in ultrasonic velocity and a change in material strain.
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Table 2.1: Comparison based on material applicability [after Kandil et al., (2001)]
Material Applicability
Different
Techniques
Material
Type
Composites Contacted ? Surface
Preparation
Surface
Condition
Hole
Drilling
Matals Plas-
tics Ceramics
Yes Yes Light Abra-
sionstrain
Gauge
Flat-
Preparation
must not af-
fect stresses
X-ray
Diffraction
Matals
Ceramics
Yes No Important Important
Synchrotron Matals
Ceramics
Yes No Important Not Critical
Neutron
Diffraction
Matals
Ceramics
Yes No Not Critical Not Critical
Curvature
and Layer
Removal
All Yes Yes Not Critical Not Critical
Magnetic Ferromagnetic
Materials
No No Not Critical Not Critical
Ultrasonic Matals
Ceramics
Yes No Not Critical Not Critical
Fluorescence Ceramics
Polymers
Yes No Not Critical Not Critical
Since then experts have further developed the theory and resulting methods for stress (including residual
stress and applied stress) characterization with ultrasonic methods.
In the early years, Benson and Raelson (1959) discovered the birefringent phenomenon of stress
using polarized shear waves. When a wave is incident at a certain angle, it will separate into two parts:
one part polarized parallel to the direction of the stress and the other polarized vertical to the direction of
the stress. These two parts spread at different velocities, leading to a birefringent phenomenon through
which stress can be analyzed.
Thurston and Brugger (1964) discussed third order elastic constants that can be used to describe
the stress dependence of ultrasonic velocities. Crecraft (1967) showed results for the measurement of
velocity change with a change in applied stress, for steel, aluminum, and copper and calculated third-
order elastic constants. That article also discussed how to separate the influence of stress and grain
16
Ta
bl
e
2.
2:
C
om
pa
ri
so
n
of
di
ff
er
en
ts
tr
es
s
m
ea
su
re
m
en
tm
et
ho
ds
[a
ft
er
K
an
di
le
ta
l.,
(2
00
1)
]
C
ha
ra
ct
er
is
tic
s
D
iff
er
en
t
Te
ch
ni
qu
es
M
ea
su
re
m
en
t
de
pt
h
Pe
ne
tr
at
io
n
St
re
ss
Ty
pe
St
re
ss
St
at
e
St
at
e
G
ra
di
-
en
t
R
es
ol
ut
io
n
Sa
m
pl
in
g
Vo
lu
m
e
R
em
ar
ks
H
ol
e
D
ri
lli
ng
50
-1
00
µ
m
D
ep
th
H
ol
e
D
ia
m
e-
te
r
M
ac
ro
U
ni
ax
ia
lB
ia
xi
al
Y
es
V
ar
ie
s
W
ith
D
ep
th
1-
2m
m
di
am
/d
ee
p
N
/A
X
-r
ay
D
iff
ra
ct
io
n
20
µ
m
D
ep
th
50
µ
m
-T
i;5
0
µ
m
-A
l
M
ac
ro
;
M
ic
ro
U
ni
ax
ia
lB
ia
xi
al
Y
es
L
im
ite
d
by
gr
ai
n
Sa
m
pl
in
g
0.
1
−
1m
m
2
R
es
ol
ut
io
n
fo
r
st
ee
l
1
m
m
di
am
et
er
15
µ
m
de
pt
h
Sy
nc
hr
ot
ro
n
20
µ
m
D
ep
th
50
0
µ
m
10
0
µ
m
-A
l
M
ac
ro
;
M
ic
ro
U
ni
ax
ia
l
B
ia
xi
al
Tr
ia
xi
al
Y
es
L
im
ite
d
by
gr
ai
n
Sa
m
pl
in
g
0.
1
m
m
3
M
ea
su
re
s
st
ra
in
on
ly
;
R
ar
el
y
po
ss
ib
le
to
ob
ta
in
st
re
ss
es
N
eu
tr
on
D
iff
ra
ct
io
n
50
0
µ
m
10
0
µ
m
-A
l
25
m
m
-F
e
4
m
m
-T
i
M
ac
ro
M
ic
ro
U
ni
ax
ia
l
B
ia
xi
al
Tr
ia
xi
al
Y
es
L
im
ite
d
by
nu
m
be
r
of
co
un
ts
1m
m
3
N
/A
C
ur
va
tu
re
an
d
L
ay
er
R
em
ov
al
D
ep
en
ds
N
ot
A
pp
lic
a-
bl
e
M
ac
ro
U
ni
ax
ia
lB
ia
xi
al
Y
es
N
/A
N
/A
L
ay
er
R
em
ov
al
ca
n
be
co
m
bi
ne
d
w
ith
ot
he
r
m
ea
su
re
m
en
ts
uc
h
as
X
R
D
M
ag
ne
tic
1m
m
20
-3
00
µ
m
M
ac
ro
U
ni
ax
ia
lB
ia
xi
al
N
o
N
/A
2m
m
3
Se
ns
iti
ve
to
m
ic
ro
st
ru
ct
ur
e,
an
is
ot
ro
py
an
d
te
xt
ur
e
U
ltr
as
on
ic
5m
m
10
0
µ
m
al
on
g
sp
ec
i-
m
en
M
ac
ro
U
ni
ax
ia
lB
ia
xi
al
N
o
M
ea
su
re
m
en
t
pr
oc
es
s
1
−
40
0m
m
2
Sh
ou
ld
co
ns
id
er
in
g
ot
he
r
fa
ct
or
s
th
at
ca
n
in
flu
en
ce
th
e
re
su
lts
Fl
uo
re
sc
en
ce
0.
5
µ
m
Su
rf
ac
e
N
o
U
ni
ax
ia
lB
ia
xi
al
N
/A
N
/A
N
/A
N
/A
17
Ta
bl
e
2.
3:
C
om
pa
ri
so
n
ba
se
d
on
ap
pl
ic
at
io
n
an
al
ys
is
[a
ft
er
K
an
di
le
ta
l.,
(2
00
1)
]
C
ha
ra
ct
er
is
tic
s
D
iff
er
en
t
Te
ch
ni
qu
es
C
on
ta
ct
or
N
on
-
co
nt
ac
t
D
es
tr
uc
tiv
e
or
no
t
L
ab
ba
se
d
or po
rt
ab
le
Av
ai
la
bi
lit
y
of
eq
ui
pm
en
t
Sp
ee
d
of
m
ea
su
re
-
m
en
t
St
an
da
rd
s
av
ai
la
bi
lit
y
C
os
t
of
eq
ui
pm
en
t
C
os
t
of
m
ea
su
re
-
m
en
t
L
ev
el
of
ex
pe
rt
is
e
re
qu
ir
ed
H
ol
e
D
ri
lli
ng
C
on
ta
ct
Se
m
i
B
ot
h
W
id
es
pr
ea
d
Fa
st
/M
ed
iu
m
A
ST
M
E
83
7-
99
lo
w
L
ow
L
ow
/M
ed
iu
m
X
-r
ay
D
iff
ra
ct
io
n
N
on
-
co
nt
ac
t
N
o
B
ot
h
G
en
er
al
ly
av
ai
l-
ab
le
Fa
st
/M
ed
iu
m
N
o
M
ed
iu
m
L
ow
M
ed
iu
m
Sy
nc
hr
ot
ro
n
N
on
-
co
nt
ac
t
N
o
L
ab
Sp
ec
ia
lis
t
Fa
st
N
o
St
ra
te
gi
c
H
ig
h
H
ig
h
N
eu
tr
on
D
iff
ra
ct
io
n
N
on
-
co
nt
ac
t
N
o
L
ab
Sp
ec
ia
lis
t
M
ed
iu
m
/S
lo
w
N
o
St
ra
te
gi
c
H
ig
h
H
ig
h
C
ur
va
tu
re
an
d
L
ay
er
R
em
ov
al
C
on
ta
ct
Y
es
L
ab
G
en
er
al
ly
av
ai
l-
ab
le
M
ed
iu
m
N
o
L
ow
L
ow
L
ow
/M
ed
iu
m
M
ag
ne
tic
N
on
-
co
nt
ac
t
N
o
N
o
G
en
er
al
ly
av
ai
l-
ab
le
R
ap
id
N
o
M
ed
iu
m
L
ow
L
ow
U
ltr
as
on
ic
C
on
ta
ct
N
o
N
o
G
en
er
al
ly
av
ai
l-
ab
le
R
ap
id
G
B
/T
32
07
3-
20
15
M
ed
iu
m
L
ow
M
ed
iu
m
Fl
uo
re
sc
en
ce
N
on
-
co
nt
ac
t
N
o
N
o
G
en
er
al
ly
av
ai
l-
ab
le
Fa
st
N
o
M
ed
iu
m
L
ow
M
ed
iu
m
18
alignment during measurements by ultrasonic methods. Noronha et al. (1973) proposed a technique
that utilizes ultrasonic radiation to measure residual stress, developing a method for measuring both the
amplitude and direction of the stress. Their system was called the Modified Time of Flight System.
Wert and Noronha (1975) used a pulse-echo system to measure residual stress based on the travel
time of the ultrasonic shear wave. They compared the results obtained using this ultrasonic method
with that obtained using strain gauges, and confirmed that ultrasonic methods are a reliable way to
measure stress. With a background for measuring residual stress in railroad rails, Egle and Bray (1976)
showed that all of the five possible relative changes in wave speeds with the uniaxial stress could be
measured, validating the theory developed by Hughes and Kelly. They calculated third-order elastic
constants based on experimental data and also found that velocity changes most when the velocity
and the stress are in the same direction. Bray et al. (1978) developed an ultrasonic transducer for
measuring longitudinal stress changes in rails based on the acoustoelastic phenomenon and reported
both laboratory and field measurements. Their results show that the ultrasonic methods are capable of
accurate stress measurement.
Kino et al. (1980) measured two-dimensional velocities observing changes caused by both exter-
nally applied stress and residual inhomogeneous stress. The change of microstructure of the samples
can lead to similar results. The ultrasonic method was further developed shown capable of use for
simultaneously measuring stress fields and microstructure. Chern and Heyman (1982) used a new ul-
trasonic method, called a Reflection Oscillator Ultrasonic Spectrometer (ROUS), to measure stress in
fasteners. They discussed the influence of fastener length change under load on stress measurements
and also showed that different bolt geometries, like poor geometry bolts and bolts with holes, resulted
in different influences on the measurement results.
During the 1990’s and the early 2000’s, research in this area mainly focused on applying ultrasonic
methods for different applications. Wormley et al. (1990) developed an ultrasonic method for measuring
texture, stress, and other physical properties for metal sheets. They used guided waves generated by
EMAT transducers for the measurement, with the aim of simultaneously considering texture, stress and
other physical properties and trying to find application to in predicting sheet metal formability. Deputat
et al. (1992) applied ultrasonic methods for residual stress detection in railroad components, including
cylindrical forgings, rails, and solid wheels. They used surface skimming longitudinal waves, SV waves,
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and SH waves to map the distribution of residual stresses in the near-surface layer of cylindrical forgings
and rails.
Hirao et al. (1993) used a miniature shear wave EMAT to map the stress field in thin metallic
plates. The method demonstrated high measurement accuracy, high spatial resolution, and tolerance to
unprepared surface and could be used in many implementation, especially for small samples. Tanala
et al. (1995) measured residual stress caused by welding processes for stainless steel pipe and aluminum
alloy plate. Subsurface longitudinal waves and Rayleigh waves were applied during the measurement.
Ultrasonic results are confirmed by data obtained using the X-ray diffraction technique. Clark et al.
(1995) measured the residual stress in cast-steel wheels. Two different ultrasonic instruments were
used to obtain results that could be compared with one another. A destructive method was used to
validate the data obtained by ultrasonic methods. Bray and Junghans (1995) used LCR waves to detect
the residual stress in the welded area. Two 1.22 m square plates were welded together to generate
residual stress. They concluded that this method could characterize both the amplitude and distribution.
During the 2000’s, research studies have considered different factors that can influence ultrasonic
methods for residual stress characterization. Withers and Bhadeshia (2001) wrote a review paper about
measurement techniques for residual stress that mainly discussed different methods for residual stress
detection, including the advantages and disadvantages and preferred applications of this methods. They
also discussed the nature and origins of the residual stress in detail.
Duquennoy et al. (2002) discussed how to theoretically obtain Rayleigh wave acoustoelastic coef-
ficients, and they compared their results with the experimental data to confirm validity. Their method
allows acoustoelastic coefficients to be calculated numerically, rather than obtaining them with experi-
mental method. This method is very important, especially when calibration for experimental measure-
ment is difficult.
Belahcene and Lu (2002) used LCR waves to characterize the possible residual stress in butt-welded
specimens. TOF for the LCR wave was measured and calibrated samples were used to obtain the
acoustoelastic coefficients. The stresses were successfully reported, and the results were validated
with data obtained using the hole-drilling method. Lanza di Scalea et al. (2003) studied the effect
of frequency on acoustoelastic responses from steel bars. They found that the acoustoelastic changes
sensitively with the change of frequency; for the same steel bar diameters, low frequency values led
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to high sensitive acoustoelasticity, while high frequency values led to low sensitive acoustoelasticity.
These results can be helpful when choosing a suitable frequency for residual stress detection in steel
bars. Murayam and Misumi (2006) discussed the influence of temperature and magnetic field on the
elastic constants for Ni-Mn-Al magnetic Heusler alloys, with theoretical analysis and experimental
results in good agreement.
In recent years, research has focused on developing ultrasonic methods for stress characterization
of new materials. Fraga et al. (2008) discussed the influence of temperature and transducer frequency
on the LCR wave for stress measurement on pipelines, with results showing that the temperature in-
fluence can as large as 64 MPa/◦C, and the frequency of the transducer can also significantly influence
the measurement results. Gachi et al. (2009) applied the LCR wave to detect possible residual stress
in AA7108 aluminium alloy sheets in the weld area produced by Friction Stir Welding (FSW). The
measurement results were proven to be correct by comparing with results obtained from the X-ray
method. Karabutov et al. (2008) developed a new transducer for residual stress detection based on the
optoacoustic (OA) phenomenon. Their motivation was to enhance the sensitivity between ultrasound
velocity and residual stress, considering that the acoustic-elastic relationship is weak between them.
To enhance measurement resolution the wide-band ultrasonic pulse would be the best choice, but this
can not be achieved using traditional piezoelectric techniques. With a newly-designed transducer, the
timing resolution can reach 0.5 ns. Qozam et al. (2010) measured the possible residual stress in the
heat affected zone (HAZ) of the welding area of the sample. The hardest task was to obtain a reference
sample of the HAZ area, and they reproduced the microstructure for the HAZ zone, with measurement
results are in good agreement with the hole drilling method. Palanichamy et al. (2009) compared two
welding methods, Tungsten Inert Gas (TIG) and Activated Tungsten Inert Gas (ATIG) welding, using
an ultrasonic method for detecting residual stress, with results showing that the ATIG method generates
much less residual stress compared to the traditional TIG method. Pei and Demachi (2010) used a finite
element method to simulate the acoustoelastic effect in pre-stressed media. They used a traditional PZT
transducer and EMAT to generate and receive the LCR waves, with results in good agreement with the
theoretical results.
Tsai and Zhu (2012) developed a new method, the modal frequency spacing method, to measure
residual stress. The advantage of this method was that water is used as couplant, and the thickness of
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this couplant can be well maintained. This method is based on the Modal Frequency Spacing (MFS) that
is more sensitive to stress than the traditional method for measuring TOF. They performed experiments
to validate the model and also detected residual stress in welded steel plate.
Rossini et al. (2012) did a literature review of residual stress measurement methods in components.
One obvious disadvantage of the ultrasonic method is that the change of ultrasonic velocity is insuf-
ficiently sensitive to the change of stress. Buenos et al. (2013) measured the residual stress by the
ultrasonic method, with an aim of correlating cutting speed, the feed per tooth, and the depth of cut to
stress. They performed several measurements and analyzed the data using statistical methods. They
also considered the influence of temperature on ultrasound velocities, finding a temperature effect of
11.12 ns/◦C.
Javadi et al. (2013) investigated residual stress in austenitic stainless steel plates (AISI 304L) using
a 3D thermo-mechanical finite-element model. They obtained a 3D map of residual stress for an entire
welded plate by combining the finite-element modal and the LCR wave method. To evaluate the stress
in the heat-affected zone, a metallographic method was used to obtain a tensile test sample. Different
transducers frequencies were used to measure stress at different depths. They concluded that FELCR
(combined finite-element welding simulation and ultrasonic stress measurement by LCR waves) is a
reliable method for stress detection.
2.4.2 Currently used ultrasonic methods for stress characterization
Ultrasonic methods for stress characterization are based on the wave field employed, so different
types of ultrasonic waves can be used to characterize stress in different locations. Bulk ultrasonic waves
can characterize stress inside the samples while surface waves can characterize stress near the surface.
2.4.2.1 Bulk ultrasonic waves for stress characterization
Three typical ways for measuring residual stress using bulk waves are shown in Fig. 2.7. (a) shows
through-thickness pulse-echo method that can detect the possible residual stress in the thickness di-
rection. (b) shows the through-thickness pitch-catch method, where the waves are reflected from the
bottom of the sample and received by the receiving transducer. This method can measure the possible
residual stress deep in the sample. (c) shows wave propagation just below the surface; this type of
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wave is known as the LCR wave as discussed previously. This method is widely used in industry for
residual stress detection because of the high sensitivity (Bray et al., 1978) between ultrasound velocity
and stress.
Figure 2.7: Three different ways for stress detection by bulk wave: (a) Through-thickness pulse-echo
method; (b) Through-thickness pitch-catch method; (c) the LCR wave method.
Hughes and Kelly (1953) developed the relationship between the elastic wave and the stress, the
geometry is shown in Fig. 2.8.
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Figure 2.8: Speed of plane waves and stress field on orthogonal coordinate system.
In a stressed sample with three different velocities in different directions, the relationships between
the velocity and the strain can be expressed as (Bray and Stanley, 1996):
ρov
2
11 = λ+ 2µ+ (2l + λ)θ + (4m+ 4λ+ 10µ)α1 (2.5)
ρov
2
12 = µ+ (µ+ λ)θ + 4µα1 + 3µα2 −
1
2
nα3 (2.6)
ρov
2
13 = µ+ (µ+ λ)θ + 4µα1 + 3µα3 −
1
2
nα2 (2.7)
Where ρo = initial density;
v11, v12, v13 are velocities in different directions;
λ, µ, l,m, n are second and third order elastic constants;
α1, α2, α3 are strains in different directions and θ = α1 + α2 + α3
For a state of uniaxial stress, there are five unique wave speeds that can be determined by the
equations given above. For example, when the stress acts in the same direction as v11, the strains are
expressed as:
α1 = ε, α2 = α3 = −νε (2.8)
Where ν is Poisson’s ratio. Considering Eq. 2.8, Eq. 2.5 and Eq. 2.6 reduce to:
ρov
2
11 = λ+ 2µ+ [4(λ+ 2µ) + 2(µ+ 2m) + νµ(1 + 2l/λ)]ε (2.9)
ρov
2
12 = ρov
2
13 = µ+ [4µ+ ν(n/2) +m(1− 2ν)]ε (2.10)
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The relative changes in wave speed with axial strain can be calculated from Eq. 2.9 and Eq. 2.10,
assuming that relative changes are small. The resulting equations are:
dv11/v
0
11
v011
= 2 +
µ+ 2m+ νµ(1 + 2l/λ)
λ+ 2µ
= L11 (2.11)
dv12/v
0
12
dε
= 2 +
νn
4µ
+
m
2(λ+ µ)
= L12 (2.12)
In Eq. 2.11 and Eq. 2.12, L11 and L12 are the acoustoelastic constants and the superscript 0 indi-
cates the wave speed at zero axial strain. In experiments, the following equation is usually applied for
calculation:
dσ =
E(dv11/v11)
L11
=
E
L11t0
dt (2.13)
When performing experiments, the following three types of specimens are needed: a, tensile speci-
mens for determining the acoustic-elastic coefficients; b, gauge blocks for determining the wave pene-
tration depth and c, specimens for determining residual stresses.
2.4.2.2 Rayleigh ultrasonic waves for stress characterization
The Rayleigh wave acoustoelastic relationship was firstly developed by Hayes and Rivlin (1961).
Their theory was for the case when waves propagate along the principal axes of the stress. Later their
theory was extended by Iwashimizu and Kobori (1978) to give an expression for the wave speed for
the case when the stress does not propagate along the principle axes. Hirao et al. (1981) discussed the
acoustoelastic effect both uniform and non-uniform initial deformations in the depth direction. Their
results showed that, with a uniform load, the velocity changes linearly with the principal strain. For
the non-uniform case, the Rayleigh wave becomes dispersive and depends on the product of the wave
number and the propagating depth. Delsanto and Clark (1987) applied Rayleigh waves to detect both
stress and texture in an anisotropic material, with the validity of the results proven by comparison
with ultrasonic bulk waves and neutron diffraction data. Duquennoy et al. (2001) detected the possible
residual stress in steel sheets by measuring the change of TOF for Rayleigh waves. The residual stress
profile was obtained and the results verified by comparing with data from a destructive analysis. They
also discussed various factors that could influence the results.
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The expression for the relationship between stress and velocity can be written as (Duqennoy et al.,
1999):
∆vR12
v0R12
=
vR12 − v0R12
v0R12
= A
(1)
R12T1 +A
(3)
R12T3 (2.14)
∆vR21
v0R21
=
vR21 − v0R21
v0R21
= A
(2)
R21T1 +A
(3)
R21T3 (2.15)
Where vR12 is the Rayleigh wave propagating in theX direction and polarized in the Z direction, while
vR21 is the Rayleigh wave propagating in the Y direction and polarized in the Z direction;
v0 stands for velocity without stress while v stands for velocity with stress. A are the acoustoelastic
constants with different superscript and subscript. The schematic is shown in Fig. 2.9.
Figure 2.9: Diagram of the Rayleigh wave propagation. [after Duqennoy et al.,(1999)]
2.5 Lamb wave propagation in stressed plates
In a range of metal forming processes, there remains a need for improved on-line real-time mea-
surements of stress in thin metal plates that can not be detected by bulk wave (like the LCR wave) or
26
surface waves. Guided waves, also known as Lamb waves, have been used to provide one approach to
making such measurements nondestructively (Ensminger and Bond 2011). The velocity of these waves
is sensitive to the effects of texture, anisotropy, temperature, and stress in the plate material. These
phenomena all cause changes in the various higher-order elastic constants that determine wave velocity
and these relationships are known as the acoustoelastic effects.
The feasibility of utilizing the acoustoelastic effect, the relationships between elastic properties and
velocities, as a mean for investigating texture and stress has long been established (Murnaghan 1937;
Hughes and Kelly 1953). An extensive treatment of the fundamental aspects of the topic was provided
by Pao et al. (1984). The phenomena have now been applied for measuring both applied and residual
stress, and such measurements have been established and reported in many studies (Crecraft, 1967;
Kandil et al., 2001; Rossini et al., 2012). There have been a more limited number of studies that have
considered methods for measuring residual in-process stress, such as with aluminum plates, and these
have included implementations using shear-horizontal (SH) wave EMATs (Clark and Moulder 1985).
However, in all these investigations there have been challenges in providing adequate sensitivity, in
terms of the accurate time measurement needed for velocity estimation, particularly at lower stress
levels where velocity changes are quite small and where these effects can be of an order similar to
those related to temperature and texture. An alternative related approach to providing residual stress
characterization has been performed using the LCR waves (Bray and Junghans 1995; Belahcene and Lu
2002; Bray and Tang 2001), also known as creeping waves. The LCR wave is usually generated at the
first critical angle of the incident wave at the interface, and it then propagates just below the surface of
the specimen. These waves are found to be most sensitive to the stress aligned in the direction of wave
propagation.
When looking at the case of thin plates it is various Lamb waves rather than LCR waves that are
generated using this configuration. Investigations of the use of Lamb modes and the fundamental theory
involved that seeks to provide methods for improved stress measurement have remained of interest
for many years. For example Husson (1985) extended his perturbation theory for bulk waves to the
analysis of surface and Lamb waves. He predicted that Lamb waves would be found only sensitive
to symmetric stress fields. Qu and Liu (1998) discussed acoustoelastic phenomena for guided waves
by using Strohs method. They compared dispersion curves for a pre-stressed single plate and bonded
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layers and concluded that tri-layer medium are very sensitive to residual stress while single layers are
less so. However, they offered no experimental results to validate their analysis.
Chen and Wilcox (2007) analyzed the relationship between load and guided wave velocity in plates
and in rail-like structures using a finite-element method. They also compared their results with those
from an Euler-Bernoulli beam model. Lematre et al. (2006) analysed residual stresses in piezoelectric
layers (both single and polylaminate) and used the Christoffel equations and considered the circum-
stance when the direction of the velocity is consistent with the direction of the load. Shi et al. (2013)
developed a method to estimate biaxial loads by measuring the change in phase velocity. This method
can be used for in situ stress detection. Gandhi et al. (2012) continued to investigate the theory and
extended it from bulk wave acoustoelasticity to Lamb wave acoustoelasticity. They provided both nu-
merical model data and experimental results to show how velocities change with a change in the load-
ing direction. Pau and di Scalea (2015) established an analytical model for analysis of the nonlinear
response for guided waves in prestressed plates. An appropriate third-order expression describing the
strain energy of the hyperelastic body was added to the model and seen to provide accurate results.
In all the studies discussed, however, there remains however the general challenge that under many
circumstances velocity changes induced by stress are relatively small, resulting in the need for imple-
menting precise timing and instrumentation. In looking for increased sensitivity, this study has moved
toward considering higher order Lamb modes and their relationship to the effects of applied stress on
these waves. Model data and results of experimental measurements in good agreement are given, and
the data demonstrate significantly higher sensitivity to stress. The results of the numerical models,
where preliminary data had previously been presented (Pei and Bond 2015), showed that some higher
order modes exhibit greater sensitivity to stress than in the case of the fundamental Lamb wave modes.
A calibrated experimental load frame used in an earlier study to investigate stress and texture was em-
ployed in this study to load aluminum plates (Wormley and Thompson 1989) and procedure data to
compare with that from the models.
28
2.6 Chapter summary
This chapter has introduced the concept of stress, its causes and effects, and described different
methods for residual stress characterization. Ultrasonic methods are highlighted because of their obvi-
ous advantages, while bulk wave, surface waves and Lamb waves are discussed separately to measure
possible stresses in different samples.
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CHAPTER 3. ANALYSIS OF CRITICALLY REFRACTED LONGITUDINAL
WAVES FOR STRESS CHARACTERIZATION
Fabrication processes such as welding, forging, and rolling, can induce stresses in metals that can
impact product performance and enhance destructive phenomena such as cracking and corrosion. To
better manage stress, tools are needed to map their distribution. The LCR wave is one such approach
that has been widely used for stress characterization in recently years. It has been shown to be sensitive
to stress and less sensitive to the effects of material texture.
LCR waves are also referred to in some of the literature (Langenberg et al., 1990) as creeping
waves. For a fluid-loaded surface the LCR wave is generated at the first critical angle of the incident
longitudinal wave, producing waves that propagate below, yet close to the surface of the specimen. It
has been found that, for residual stress detection, the LCR wave has some advantages; it is relatively
sensitive to the effects of stress, and less sensitive to the structure of materials (Belahcene and Lu, 2002)
and the application of LCR waves for stress detection has been considered by several groups (Santos
et al., 2008; Bray and Junghans, 1995; Belahcene and Lu, 2002; Bray and Tang, 2001; Lu et al., 2008).
Although the LCR wave has increasingly been widely applied, the factors that can influence the
formation of the LCR beam and make a contribution to the sensitivity of the stress measurement are
seldom discussed. Theoretical analysis of LCR waves was provided by Basatskaya and Ermolov (1981).
They began from the basic wave equations and boundary conditions and established a 2-D model for
harmonic waves. The directionality of the LCR wave was calculated and the depth to which it can
spread was discussed. The typical acoustical field of the LCR wave was calculated by Langenberg et al.
(1990), using a numerical elastodynamic finite integration method. Since then it seems that there has
been limited research work on more fundamental aspects of this family of waves.
This chapter describes a numerical model used to investigate the transducer parameters that can
contribute to the directionality of the LCR wave and hence enable performance optimization when used
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for industrial applications. An orthogonal test method (Cui et al., 2007) has been used to study and
optimize multiple parameter experiments and can identity which parameter or parameters are of most
significance. The simulation of the acoustics field in a 2-D water-steel model has been obtained using a
Spatial Fourier Analysis method. The effects of the incident angle, the aperture and center frequency of
the transducer, the received transducer location are studied. Results show that the aperture, the center
frequency, and the incident angle of the transducer are the most important factors in controlling the
directivity of the resulting the LCR wave fields.
3.1 The relationship between the ultrasonic bulk wave and loading
The LCR method for stress detection is based on the principle that when the possible stress and
ultrasound velocity are in the same direction, the sensitivity between stress and velocity are at a max-
imum. The expression for ultrasonic velocity in stressed media is firstly given by Hughes and Kelly
(1953) and the detailed procedures (Appendix A) are offered by Takahashi and Motegi (2015).
The diagram shown in Fig. 3.1 is for the most sensitive case where the longitudinal wave propaga-
tion is in the same direction as the loading, serving as a guide for where the LCR wave method is best
to applied stress (or residual stress) characterization.
Figure 3.1: Speed of plane waves and stress field on the orthogonal coordinate system.
Usually the LCR wave method has been widely used for detecting stress that parallel to the surface
of the media (like the welding area of the steel). While theoretically the LCR wave should travel parallel
to the surface, it travels at an angle below the surface, as shown in Fig. 3.2.
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Figure 3.2: Direction difference between the LCR wave and stress.
Fig. 3.2 shows that there is an angle θ between the stress σ and the LCR wave that can decrease the
sensitivity between the LCR wave and the stress, so there is a need to decrease the angle θ to increase
the sensitivity.
3.2 The generation of the LCR wave
When ultrasound is transmitted from one medium to another, reflection and refraction will occur at
the interface. For example, when a longitudinal wave is transmitted from water to steel, both longitu-
dinal and transverse waves will be generated in the steel. The angles for the transmitted waves follow
Snell’s law:
CL1
sinα
=
CL2
sinβL
=
CS2
sinβS
(3.1)
where CL1 is the longitudinal velocity in the water, CL2 and CS2 are the longitudinal and transverse
velocities, respectively, in the steel.
According to Snell’s law, as the incident angle α increases, the refraction angle βL will reach 90o.
The vale when βL reaches 90o, is called the first critical angle and a wave knows as the LCR wave or
creeping wave forms, as shown in Fig. 3.3. In principle this LCR wave or creeping wave (Langenberg
et al., 1990) propagates parallel to the interface of water and steel, but in reality the wave is transmitted
at an angle to the interface.
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Figure 3.3: The generation of the LCR wave.
3.3 The acoustic field of the LCR wave
The numerical method for the acoustic field calculation has already been well shown (Belgroune
et al., 2008; Matsushima and Shimobaba, 2009). When considering a 2D model (Fig. 3.4), the wave
equation can be described by a scalar potential ϕ(x, z, t) and a vector potential ~ψ(x, z, t):
∇2ϕ = 1
C2L
ϕ¨ (3.2)
∇2 ~ψ = 1
C2T
~¨ψ (3.3)
Figure 3.4: Schematic diagram for simulating the LCR wave.
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Applying the Fourier transform to both space (x direction) and time (t) domain, for the scalar
potential ϕ(x, z, t):
ϕ∗(kx, z, ω) =
1
2pi
∫ +∞
−∞
∫ +∞
−∞
ϕ(x, z, t)e−jωte−jkxtdxdt (3.4)
ϕ∗(kx, z, ω) = Ae−jkf1z +Bejkf1z (3.5)
where kf1 =
√
ω2/C2L − k2x
It is the same for vector potential ~ψ(x, z, t) and ~ψ∗(kx, z, ω):
~ψ∗(kx, z, ω) =
1
2pi
∫ +∞
−∞
∫ +∞
−∞
~ψ(x, z, t)e−jωte−jkxtdxdt (3.6)
~ψ∗(kx, z, ω) = Ce−jkf2z +Dejkf2z (3.7)
where kf2 =
√
ω2/C2T − k2x
For the solid, similarly to the Fourier transform the potential function can be expressed as:
ϕ∗(kx, z, ω) = T1e−kcz (3.8)
~ψ∗(kx, z, ω) = T2e−ksz (3.9)
Where T1 and T2 are the transmission coefficients, and kc =
√
ω2/v2c − k2x, kc =
√
ω2/v2s − k2x
According to the relationship between the potential and the displacement ~u = ∇ϕ + ∇ × ~ψ, the
normal displacement in the solid can be expressed as:
~uz
∗(kx, z, ω) = −jkcT1e−jkcz + jksT1e−jksz (3.10)
According to the relationship between stress and strain and the relationship between strain and
displacement, the normal stress in the solid can be written as:
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σ∗zz(kx, z, ω) = −ρsω2sϕ∗s − 2µs(
∂2ϕ∗s
∂x2
− ∂
2 ~ψ∗s
∂x∂z
)
= −ρsω2sT1e−jkcz − 2µs[−k2xT1e−jkcz − kxksT2e−jksz]
= (2µk2x − ρ2ω2)T1e−jkcz + 2µkxksT2e−jksz
(3.11)
The tangential stress in the solid can be written as:
σ∗zx(kx, z, ω) = µs(2
∂2ϕ∗s
∂x∂z
+
∂2 ~ψ∗s
∂x2
− ∂
2 ~ψ∗s
∂z2
)
= µs[2kxkcT1e
−jkcz − k2xT2e−jksz + k2sT2e−jksz]
= µs[2kxkcT1e
−jkcz + (k2s − k2x)T2e−jksz]
(3.12)
To simplify the model, the acoustic pressure from the transducer can be projected to the interface
of the water and the steel, and the excitation on this interface can then be defined as an applied stress
σsource (Fig. 3.4), in time domain which can be expressed as:
σsource(x, z = 0, t) =
 Ae
[j(kx sin θ−ωt)] , |x| < d
0 , |x| ≥ d
(3.13)
where A is the excitation amplitude; d = 12D/ cos θ , D is the diameter of the transducer; k = ω/c ; c
is the velocity of the water; ω is the angular frequency.
Applying the Fourier transform for the σsource, yields:
σ∗source(kx, z = 0, ω) =
1
2pi
∫ +∞
−∞
∫ +∞
−∞
σsource(x, z = 0, t)e
−jωte−jkxtdxdt (3.14)
Considering boundary conditions that the normal stress continuous and the tangential stress goes to
zero at the water/steel boundary:
σ∗zz(kx, z = 0, ω) = σ
∗
source(kx, z = 0, ω)
σ∗zx(kx, z = 0, ω) = 0
(3.15)
Solving Eq. 3.15 yields the values of T1 and T2, then applying an inverse Fourier transform for
normal stress ~σzz to time domain, the acoustic field in the steel can be obtained, as shown in Eq. 3.16.
σ∗zz(x, z, t) =
∫ +∞
−∞
∫ +∞
−∞
σ∗zz(kx, z, ω)e
jωtejkxtdkxdω (3.16)
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3.4 A typical received signal from the model
The simulation of the acoustic field of the LCR wave is calculated using MATLAB. The parameters
used are shown in Table 3.1.
Table 3.1: Material properties of water and steel used for calculation
Material Density (g/cm2) Longitudinal Velocity (m/s) Transversal Velocity (m/s)
Water 1.0 1480 −−−
Steel 7.8 5940 3230
The acoustic wave field includes longitudinal, transverse, and head waves in the steel. The param-
eters used here are: a transducer aperture of 6 mm, a transducer frequency of 2 MHz, and an incident
transducer angle is 14.5o. To satisfy the bound conditions, the head wave and transverse wave are
always linked to each other at the interface.
The received signal at different locations can be obtained, and a typical example of a displacement
signal received at a location (with distance L) is 75 mm from the incident center 0. An angle β at 45o
from the x axial (as shown in Fig. 3.5) in the steel is shown in Fig. 3.6. It clearly shows the longitudinal,
transverse waves and their relative amplitudes.
Figure 3.5: Schematic diagram shown the location of the receiving transducer.
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Figure 3.6: A typically received signal for the LCR wave.
3.5 The analysis of parameters that control the directivity of the LCR wave.
The new model described above was used to simulate and investigate the effects of various param-
eters on the resulting wave fields, and this section will describe a sensitivity analysis. The signals were
calculated and assumed to be received at points on a 90o arc with its center at the point of incidence for
the transducers central ray onto the interface, as shown in Fig. 3.7. The receiving distance L from the
measurement point on the interface is 75 mm.
Figure 3.7: Schematic diagram showing the model shown different parameters.
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The amplitude of the LCR wave at different locations on the arc was used to plot the directivity of
the LCR wave. A comparison of the directivity of the LCR wave obtained by this model with that for
the best estimate of the corresponding case shown in the literature (Chaki et al., 2013) is presented in
Fig. 3.8. The current data and that taken from the literature are seen to be in general agreement, in terms
of both magnitude and angle.
Figure 3.8: Comparison of the LCR wave from the literature and that from the current model: current
study (blue curve) and corresponding data from the literature (Chaki, et al., 2013), black curve and red
dot.
The frequency (F), the aperture (D) and the incident angle (α) of the transducer and the receiving
locations (L) were all varied to permit estimation of their effects on the directivity of the LCR wave
(Fig. 3.7). The values of these parameters, for three cases, are shown in Table 3.2.
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Table 3.2: The values of the parameters for the three configurations.
F (frequency:MHz) D(mm) α (angle:degree) L(mm)
1 1.75 6 13.5 50
2 2 7 14.5 60
3 2.25 8 15.5 70
The Orthogonal Experiment Method (Huang et al., 2004) was used for the analysis of the effects of
the variation of these parameters on the resulting data. The Orthogonal Experiment Method was used
to study the effects on a system when more than two parameters are involved and attempt to provide a
sensitivity analysis using an optimized set of simulations (or experiments). The Orthogonal Experiment
Table used for this application is L273 . (shown in Appendix B)
In the L273 table, F ∗D 1 and F ∗D 2 are the two interaction effect of frequency (F) and aperture
(D), parameters that can affect one another. With respect to the Orthogonal Experiment Method, Range
Analysis and Analysis of Variance are two typical data analysis methods. Range Analysis is used to
order the parameters in importance while Analysis of Variance is necessary to make sure whether the
result has statistical significance.
For the L273 table, there are 27 combinations of parameters that can demonstrate the contribution
of different parameters. The results of these 27 cases are shown in Fig. 3.9 through to Fig. 3.13. The
amplitude of the curves in these figures is used to define the directivity.
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Figure 3.9: The LCR wave beam shown from case ’1’ to ’6’ for the L273 table.
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Figure 3.10: The LCR wave beam shown from case ’7’ to ’12’ for the L273 table.
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Figure 3.11: The LCR wave beam shown from case ’13’ to ’18’ for the L273 table.
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Figure 3.12: The LCR wave beam shown from case ’19’ to ’24’ for the L273 table.
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Figure 3.13: The LCR wave beam shown from case ’25’ to ’27’ for the L273 table.
For example, for case one, shown in the Fig. 3.14, the red point shows the amplitude of the curve
and the green line goes through the origin and the red point shows the directivity of the curve, 45o. All
the following analysis has been based on this method to acquire the directivity of the curve for each
case.
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Figure 3.14: Schematic diagram shown the definition of the directivity for the LCR wave.
The analysis for different cases is shown in Table 3.3. These data were obtained using SPSS (Cui
et al., 2007), where SPSS stands for Solutions Statistical Package for the Social Sciences, an IBM
statistical software tools that can be used for data analysis in many areas. There is a mode in the
software that can be used for orthogonal experiment data analysis that shows that F (frequency), D
(aperture), F ∗D 1 and Angle are the main parameters, and their significant are all less than 0.005. For
a corrected Model the value should be less than 0.005, where this is defined as a parameter to judge the
result (Cui et al., 2007), i.e., the result has valid statistical meaning and it is reliable.
Range Analysis of the results is given in Table 3.4. Based on the Range data in the table, the
significance order for the key parameters are Angle > D > F > F ∗D 1 (Interaction effect). Based
on both Range Analysis and Analysis of Variance, it has been shown that F (frequency), D (aperture),
Angle, and F ∗D 1 are the import factors that influence the directivity of the LCR wave, and their order
of importance is Angle > D > F > F ∗D 1 (Interaction effect).
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Table 3.3: Analysis of Variance of the result from L273 table
Source Type III
Sum of
Squares
Mean
Square
Sig.
F 98.74 49.37 .000
D 180.96 90.48 .000
F ∗D 1 11.19 5.59 .024
F ∗D 2 2.3 1.15 .374
Angle 324.52 162.26 .000
L 5.41 2.7 .122
Error 12.89 1.07
Total 80129 27
Corrected Total 639.19
Table 3.4: Range Analysis of the result from L273 table
F D F ∗D 1 Angle
Mean value 1 51.667 51.000 54.111 49.778
Mean value 2 54.899 54.444 53.556 54.778
Mean value 3 56.222 57.333 55.111 58.222
Range 4.555 6.333 1.555 8.444
The variation trend for the important parameters are shown in Fig. 3.15. As the value of the pa-
rameter F (frequency), D (aperture) and Angle increased, the directivity of the LCR wave relative to
the horizontal direction changed. To increase the directivity of the LCR wave, the value of the param-
eters should be increased. As shown above, there are interaction effects between F (frequency) and D
(aperture). Binary Table (Cui et al. 2007) is used to provide further analysis of two interaction factors:
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their joint contributions to the results. Table 3.5 is the Binary Table for F (frequency) and D (aperture),
showing their contribution to the directivity with different values.
Figure 3.15: The variation trend for the important parameters.
Table 3.5: Binary Table for F (frequency) and D (aperture)
D F 1.75 2 2.25
6 48 51.33 53.67
7 51 55.67 56.67
8 56 57.67 58.33
A Biplot Mapping (Chen et al., 2007) is shown in Fig. 3.16 corresponding to the data in the Binary
Table. It visualizes the trends for variations more clearly compared to Binary Table. As shown in the
figure, as F (frequency) and D (aperture) go up, the direction of the LCR wave exhibits a trend to go up
to 90o, the directivity can reach nearly 60o when the value of D (aperture) is 8 mm and the frequency
value is 2.25 MHz.
Figure 3.16: Biplot Mapping of F (frequency) and D (aperture).
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3.6 The contribution of transducer aperture to the LCR wave directivity
As shown in the last section, the center frequency, the aperture and the incident angle of the trans-
ducer all make significant contributions to the directivity of the LCR wave. The incident angle effect is,
as has already been discussed in the literature (Chaki et al., 2013), that if the angle about 1o larger than
the first critical incident angle, the directivity of the LCR wave can reach a maximum. Beam parameters
are shown in Fig. 3.17 for larger transducer aperture ranges.
Figure 3.17: Comparing results for different transducer apertures.
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In Fig. 3.17, the first plot, marked ’1’, refers to the case when the aperture is 6 mm, with the
transducer center frequency is 2 MHz, the incident angle is 15o, and the directivity is about 55o; the plot
marked ”2” refers to the case when the aperture is 12 mm, the other parameters the same as in case 1,
and the directivity about 65o. The plot marked ”3” refers to the case when the aperture is 18 mm, with
others parameters the same as for the other two cases, and the directivity about 75o. As the transducer
aperture increases the directivity of the LCR wave trends to increase to 90o, meaning that increasing
the aperture of the transducer can increase the directivity of the LCR wave and increase the sensitivity
between the LCR wave and residual (applied) stress in the samples.
3.7 Chapter summary
The effects of transducer and system configuration for the generation of the LCR or creeping wave
have been studied. A new MATLAB-based model using a Spatial Fourier Analysis method is described,
providing results in good general agreement with more complex and previously published models. The
model was used to investigate the effect of various parameters on the directivity of the LCR wave. The
Orthogonal Experiment Method was used to analyze the effects of parameters as seen in the model
data. The data show that F (the frequency of the transducer), D (the aperture of the transducer), α (the
incident angle), and F*D (the interaction between F and D) all influence the directivity of the LCR
wave, and their order of significance is Angle > D > F > F ∗D 1 (Interaction effect). This model
data provides insights into the penetration of the wave into a sample. When the amplitude of the LCR
wave and the possible stress in the same direction, the sensitivity of the LCR wave to stress can reach a
maximum.
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CHAPTER 4. CHARACTERIZATION OF LAMB WAVES PROPAGATING IN
STRESSED PLATE
This chapter discusses wave propagation in the stressed plate, following and extending the approach
by Gandhi (2010). The governing equation for the Lamb wave propagating in the stressed plate can
be obtained by considering wave motion equations under loading for bulk waves and Lamb waves
propagating in an anisotropic plate.
4.1 Governing wave equations
If a wave travels in an infinite medium, it is known as a bulk wave. Depending on the vibration
direction and the propagation direction of the waves, bulk waves can be divided into longitudinal waves
(when the direction of vibration and propagation direction are parallel) and shear waves (when the di-
rection of vibration and propagation direction are perpendicular). When the wave travels along the
boundaries of the medium, or the boundaries between two media, it is known as a guided wave. Guided
waves (Rose, 2004) are widely used in the Nondestructive Testing (NDT) field because of its long prop-
agation distances and high sensitivity to the properties of the material. When a guided wave propagates
in plate-like samples, it is known as a Lamb wave. Lamb waves are somewhat complex because the
velocity and frequency of the wave have a relationship with the thickness of the plate, a phenomenon
called dispersion. From their physical description, Lamb waves are formed by the mixing of different
bulk waves in thin plane-shaped media to form symmetry and anti-symmetry modes. Lamb waves are
widely used for studying possible fatigue cracks and defects in pipes and rods. Rayleigh waves (also
known as surface wave) propagate along the surface of a semi-infinite medium, with amplitudes that
decay exponentially with the depth below the surface, and Rayleigh waves are usually applied for de-
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tecting possible defects along the material surface. Stonely wave usually exist within the interface of
two media. Schematic for various waves are shown as Fig. 4.1.
Figure 4.1: Schematic diagram showing various waves: a, Longitudinal wave; b, Shear wave; c,
Rayleigh wave; d, Lamb wave; e, Stonely wave.
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4.1.1 Governing wave equations for isotropic materials
The governing equations for the wave propagation in isotropic material are well-established (Ens-
minger and Bond 2011), and combined with the equation of motion produces:
σij,j + ρfi = ρu¨i (4.1)
the strain-displacement relation:
eij =
1
2
(ui,j + uj,i) (4.2)
and the constitutive equation:
σij = λekkδij + 2µeij (4.3)
can get the yield relationship:
(λ+ µ)uj,ji + µui,jj + ρfi = ρu¨i (4.4)
Or in the form:
(λ+ µ)∇(∇ · ~u) + µ∇2~u+ ρ~f = ρ~¨u (4.5)
Where
∇2 = ∂
2
∂x21
+
∂2
∂x22
+
∂2
∂x23
(4.6)
∇ = ∂
∂x1
~i1 +
∂
∂x1
~i2 +
∂
∂x1
~i3 (4.7)
The above Eq. 4.4 and Eq. 4.5 are the government equations for waves propagating in isotropic
materials. They can be also written in Cartesian coordinates:
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(λ+ µ)
∂
∂x1
(
∂u1
∂x1
+
∂u2
∂x2
+
∂u3
∂x3
) + µ∇2u1 + ρfx = ρ∂
2u1
∂t2
(λ+ µ)
∂
∂x2
(
∂u1
∂x1
+
∂u2
∂x2
+
∂u3
∂x3
) + µ∇2u2 + ρfy = ρ∂
2u2
∂t2
(λ+ µ)
∂
∂x3
(
∂u1
∂x1
+
∂u2
∂x2
+
∂u3
∂x3
) + µ∇2u3 + ρfz = ρ∂
2u3
∂t2
(4.8)
Characteristics of guided waves can be obtained by combining the above equations with the bound-
ary equations.
4.1.2 Governing wave equations for an-isotropic materials
For anisotropic media, the equation of motion, the strain-displacement relationship, and the consti-
tutive equation are all needed to generate the wave government equation (Rose 2004); in this case the
constitutive equation should be written as:
σij = Cijlmelm (4.9)
Considering the equation of motion without external force:
σik,k = ρu¨i (4.10)
Combining Eq. 4.9 and Eq. 4.10, yields:
σij = Cijlmelm,k (4.11)
Considering the strain-displacement relation (Eq. 4.2) and combining with Eq. 4.11, yields:
ρu¨i =
1
2
Cijlm(ul,km + um,kl) (4.12)
Supposing the solution of the Eq. 4.12 to be of the form:
ui = Aie
i(kjxj−ωt) (4.13)
Where ui represents the particle displacement; Ai = Aαi, A is the amplitude while αi represent the
direction of displacement; ki is the wave number, and ω is the angular frequency.
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Substituting the expression of ui into Eq. 4.13 to produce Eq. 4.12, and considering the symmetry
of the stiffness tensor Cijlm, yields:
(ρω2δim − Cijlmkkkl)um = 0 (4.14)
Considering that kk = knk, kl = knl (nk, nl are the normal cosine of the wave front) and k = ω/c,
rewritting Eq. 4.14 yields,
(Γim − ρc2δim)um = 0 (4.15)
Where Γim = Cijlmnjnl, known as Christoffel tensor. Cijlm is the second-order elastic constant, and
δim is the Cauchy stress tensor.
4.2 Acoustoelasticity
The acoustoelastic effect (Pao and Gamer, 1985) shows the relationship between the sound (ul-
trasound) velocity and possible stress in the elastic media. For the simplified case of infinitesimal
deformations in perfectly elastic solids, the constitutive relationship between the stress and the strain is
known as Hooke’s law. While the velocity is determined by the second-order elastic constants (λ and
µ) and the density of the material, when finite deformations are considered, the higher-order constants
in the constitutive relationship should be considered, leading to a more complex relationship between
the stress and the strain.
The scalar strain energy density function W (E) can be expanded by a Taylor series expansion as a
function of the strain E, expressed as Gandhi (2010):
W ≈ C0 + CijEij + 1
2
CijklEijEkl +
1
6
CijklmnEijEklEmn + · · · (4.16)
Where E is the Lagrangian strain tensor and C is the elastic modulus with different orders.
The strain energy function should be zero and have a minimum with zero deformation [ (W (Eij =
0) = 0)], while the energy density function can be rewritten, removing the constant and linear term to
yield:
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W ≈ 1
2
CijklEijEkl +
1
6
CijklmnEijEklEmn + · · · (4.17)
Where Cijkl are the second-order elastic constants and Cijklmn are third-order elastic constants.
The stress related to the strain energy, which can be expressed as:
Tij =
∂U
∂Eij
(4.18)
Combing Eq. 4.17 and Eq. 4.18, yields:
Tij = CijklEkl +
1
2
CijklmnEklEmn (4.19)
4.3 Wave equations for the pre-stressed media
To analysis the relationship between wave velocity and higher-order elastic constants, the govern-
ment equations for the wave propagating in the pre-stressed media must be established. As shown in
Appendix A, natural state, initial state, and final state must be established for the pre-stressed media
analysis. (Toupin and Bernstein, 1961). For easier reading, the definitions are repeated here.
As shown in Fig. 4.2, a physical particle in the natural, initial, and final state is represented by
a superscript label 0, i , or f respectively. The position of a particle in the body at natural, initial,
and final states are described by the vector ξ, X ,and x respectively. The components of ξ in different
directions refer to the natural coordinate denoted by Greek subscripts; the components of X refer to the
initial coordinate, denoted by upper-case Roman subscripts, and the components of x refer to the final
coordinate, denoted by lower case Roman subscripts. Then the vectors can be expressed in these three
different configurations as: ξα, XJ and xj (ξ,X, x = 1, 2, 3).
From the natural to the initial states, the deformation is static and it can be expressed as ui; from the
initial to the final states, the displacement can be written as uf . These vectors are related to the position
vectors that can be written as:
ui(ξ) = X− ξ
uf (ξ, t) = x− ξ
(4.20)
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Figure 4.2: Coordinates describing a material point at the natural (ξ), initial (X), and final (x) configu-
ration for a pre-deformed body.
Then the displacement from initial to final state can be written as:
u(ξ, t) = x− X = uf − ui (4.21)
The Lagrangian strain tensor is defined as:
Eij =
1
2
(
∂ui
∂ξj
+
∂uj
∂ξi
+
∂uk
∂ξi
∂uk
∂ξj
) (4.22)
The Lagrangian strain tensors in the initial and final states can be written as:
Eiαβ =
1
2
(
∂uiα
∂ξβ
+
∂uiβ
∂ξα
+
∂uiλ
∂ξα
∂uiλ
∂ξβ
)
Ejαβ =
1
2
(
∂ujα
∂ξβ
+
∂ujβ
∂ξα
+
∂ujλ
∂ξα
∂ujλ
∂ξβ
)
(4.23)
Substituting Ejαβ from E
i
αβ , yields:
Eαβ = E
f
αβ − Eiαβ =
1
2
(
∂uα
∂ξβ
+
∂uβ
∂ξα
+
∂uiλ
∂ξα
∂uλ
∂ξβ
+
∂uiλ
∂ξβ
∂uλ
∂ξβ
) (4.24)
As is stated by Pao et al. (1984), the equilibrium equation for the static undeformed case in the
natural coordinates can be expressed as:
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∂
∂ξβ
[T iβγ(δαγ +
∂uiα
∂ξγ
)] = 0 (4.25)
The equation of motion for the final state can be written as:
∂
∂ξβ
[T fβγ(δαγ +
∂ufα
∂ξγ
)] = ρ0
∂2ufα
∂t2
(4.26)
Subtracting the two equations (Eq. 4.25 and Eq. 4.26) and omitting the small term Tβγ ∂uα∂ξγ , yields:
∂
∂ξβ
[Tαβ + T
i
βγ
∂uα
∂ξγ
+ Tβγ
∂uiα
∂ξγ
] = ρ0
∂2uα
∂t2
(4.27)
Eq. 4.27 describes the equation of motion for incremental displacement in natural coordinates.
Considering the stress-strain relationship given in Eq. 4.19, the relationship for the initial and final
status can be shown to be:
T iαβ = CαβγδE
i
γδ +
1
2
CαβγδηE
i
γδE
i
η (4.28)
and
T fαβ = CαβγδE
f
γδ +
1
2
CαβγδηE
f
γδE
f
η (4.29)
Subtracting T fαβ from T
i
αβ , yields:
Tαβ = T
f
αβ − T iαβ
= CαβγδE
f
γδ +
1
2
CαβγδηE
f
γδE
f
η − (CαβγδEiγδ +
1
2
CαβγδηE
i
γδE
i
η)
= CαβγδEγδ +
1
2
Cαβγδη(E
i
γδEη + EγδE
i
η + EγδEη)
= CαβγδEγδ + Cαβγδη(E
i
γδEη +
1
2
EγδEη)
(4.30)
For Eq. 4.30, the 12EγδEη term can be ignored because it is the product of two small quantities.
The Cauchy strain tensors can be used instead of the Lagrangian strain tensors for the first term in the
bracket, considering the consistency with the strain energy function (Pao et al., 1984; Gandhi, 2010),
yielding:
Tαβ = CαβγδEγδ + Cαβγδηe
i
γδeη (4.31)
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Where
eαβ =
1
2
[
∂uα
∂ξβ
+
∂uβ
∂ξα
]
eiαβ =
1
2
[
∂uiα
∂ξβ
+
∂uiβ
∂ξα
]
(4.32)
Substituting the stress-strain relationship of Eq. 4.32 to the Eq. 4.27, yields (Gandhi, 2010):
Aαβγδ
∂2uγ
∂ξβ∂ξδ
= ρ0
∂2uα
∂t2
(4.33)
Where Aαβγδ = T iβγδαγ + Cαβγδ + Cαβρδ
∂uiγ
∂ξρ + Cρβγδ
∂uiα
∂ξρ + Cαβγδηe
i
η
This equation describes wave propagation in stressed media.
4.4 Acoustoelastic constants for biaxial stressed media
Eq. 4.33 describes wave propagation in stressed media, and the parameterAαβγδ refers to the differ-
ent value corresponding to different stress configurations. This section provides values for the parameter
Aαβγδ for the biaxial stress status media, following the work by Gandhi (2010).
4.4.1 Acoustoelastic constants for biaxial stress status media
For thin plate materials with small predeformations, Eq. 4.31 can be simplified as:
T iij = Cijkle
i
kl (4.34)
Substituting the parameter Aαβγδ given by Eq. 4.33 into Eq. 4.34 yields:
Aαβγδ = Cβδλρ + Cαβγδ + Cαβρδ
∂uiγ
∂ξρ
+ Cρβγδ
∂uiα
∂ξρ
+ Cαβγδηe
i
η (4.35)
For the biaxial stress σ11 along the ξ1 direction and σ22 along the ξ2 direction, the stress tensor in
the natural system can be written as:
T iαβ =

σ11 0 0
0 σ22 0
0 0 0
 (4.36)
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The stiffness matrix for orthogonal an-isotropic material can be written as:
C =

C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

(4.37)
Considering the stress vs. strain relationship in the natural system, substituting Eq. 4.36 into
Eq. 4.37, yields:

σ11
σ22
0
0
0
0

=

C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66


ei1
ei2
ei3
ei4
ei5
ei6

(4.38)
Considering the relationship between the second order elastic constants (µ and λ) and the stiffness
constants Cijkl, the relationship between the third order elastic constants ( l, m and n) and the stiffness
constants Cijkl gives:
Cαβγδ = λδαβδβγ + µ(δαγδβδ + δαδδβγ) (4.39)
and
Cαβγδη = 2(l −m+ n
2
)δαβδγδδη + 2(m− n
2
)(δαβIγδη + δγδIηγδ + δηIαβγδ)
+
n
2
(δαγIβγη + δαδIβγη + δβγIαδη + δβδIαγη)
(4.40)
Where
Iαβγδ =
(δαγδβδ + δαδδβγ)
2
(4.41)
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Based on the relationships given as Eq. 4.38 to Eq. 4.41 , the parameter of Aαβγδ can be obtained,
which can be written as:
Aαβγδ = Cβδλρ + Cαβγδ + Cαβρδe
i
γρ + Cρβγδe
i
αρ + Cαβγδηe
i
η (4.42)
4.4.2 Acoustoelastic constants for the stress-strain relationship
Considering the stress-strain relationship given in Eq. 4.19, the stress-strain relationship in the initial
state can be written as:
T iαβ = CαβγδE
i
γδ +
1
2
CαβγδηE
i
γδE
i
η (4.43)
T jαβ = CαβγδE
j
γδ +
1
2
CαβγδηE
j
γδE
j
η (4.44)
Incremental stress can then be obtained by subtracting the initial stress from the final stress:
Tαβ = T
f
αβ − T iαβ = CαβγδEγδ + Cαβγδηeiγδeη (4.45)
Where eη and eiγδ are the infinitesimal strain tensors, which are used to substitute for the Lagrangian
strain tensor to consist with the strain energy function (Gandhi, 2010).
Substituting Eq. 4.24 into Eq. 4.45, yields (Gandhi, 2010):
Tαβ = Bαβγδ
∂ur
∂ξδ
(4.46)
Where Bαβγδ = (Cαβγδ + Cαβγδeiγλ + Cαβγδηe
i
η)
4.5 Dispersion relationship under biaxial initial stress
Considering the equation of motion under stress (Eq. 4.33) and the relationship between stress and
strain under stress (Eq. 4.46), the dispersion relationship can be obtained under biaxial initial stress.
Supposing the general solution for Eq. 4.33 to be:
uj = Uje
iξ(x1+αx3−ct) (4.47)
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The solution procedures are similar to those for isotropic and anisotropic plates (Appendix C).
Substituting Eq. 4.47 into the equation of motion Eq. 4.33, yields the Christoffel equation:
Kmn(α)Un = 0, (4.48)
Where
K11 = c
2ρ0 −A1111 − α2A1313
K12 = −A1112 − α2A1323
K13 = −α(A1133 +A1331)
K21 = −A1112 − α2A1323
K22 = c
2ρ0 −A1212 − α2A2323
K23 = −α(A1233 +A1332)
K31 = −α(A1133 +A1331)
K32 = −α(A1233 +A1332)
K33 = c
2ρ0 −A1313 − α2A3333
(4.49)
Kmn should go to zero for non-trivial solutions and this will lead to a equation for α:
P6α
6 + P4α
4 + P2α
2 + P0 = 0 (4.50)
The expression of stress and displacement can be written as:
{u1, u2, u3} =
6∑
q=1
{1, V (αq),W (αq)}U1qeiξ(x1+αqx3−ct),
{σ33, σ23, σ13} =
6∑
q=1
iξ{D1q, D2q, D3q}U1qeiξ(x1+αqx3−ct)
(4.51)
Where
Vq(αq) =
K11(αq)K23(αq)−K13(αq)K12(αq)
K13(αq)K22(αq)−K12(αq)K23(αq)
Wq(αq) =
K11(αq)K23(αq)−K13(αq)K12(αq)
K33(αq)K23(αq)−K13(αq)K23(αq)
(4.52)
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and
D1q = B3311 +B3312Vq + αqB3333Wq
D2q = α(B1313 +B1323Vq) +B1331Wq
D3q = α(B1323 +B2323Vq) +B1332Wq
(4.53)
Applying free boundary conditions σ13 = σ23 = σ33 = 0 to the expression for σ13, σ23 and
σ33 at the boundaries x3 = ±d2 will result in six equations that yield the displacement amplitudes
U11, U12, ·, U16. For the nontrivial solutions the determination of coefficients should go to zero:

D11E1 D12E2 D13E3 D14E4 D15E5 D16E6
D21E1 D22E2 D23E3 D24E4 D25E5 D26E6
D31E1 D32E2 D33E3 D34E4 D35E5 D36E6
D11E˜1 D12E˜2 D13E˜3 D14E˜4 D15E˜5 D16E˜6
D21E˜1 D22E˜2 D23E˜3 D24E˜4 D25E˜5 D26E˜6
D31E˜1 D32E˜2 D33E˜3 D34E˜4 D35E˜5 D36E˜6

= 0 (4.54)
Where Eq = eiξαqd/2 and E˜q = e−iξαqd/2.
Solving Eq. 4.54, the dispersion relationships for a biaxial stressed plate can be obtained. Simplify-
ing Eq. 4.54, which can lead to two separate equations that describe the symmetric and anti-symmetric
modes (Gandhi, 2010):
For symmetric modes:
D11G1 cot(γα1) +D13G3 cot(γα3) +D15G5 cot(γα5) = 0 (4.55)
For anti-symmetric modes:
D11G1 tan(γα1) +D13G3 tan(γα3) +D15G5 tan(γα5) = 0 (4.56)
Where
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G1 = D23D35 −D33D25
G3 = D31D25 −D21D35
G5 = D21D33 −D31D23
(4.57)
4.6 Dispersion relationship under uniaxial initial stress
When uniaxial stress is applied, the expression for the initial stress tensor can be written as:
T iαβ =

0 0 0
0 σ11 0
0 0 0
 (4.58)
The stress tensor given in Eq. 4.58 can be applied for the case when the direction of the applied stress
and the direction of the velocity are perpendicular, as will be discussed in detail in the next chapter.
The initial stress tensor can also be written as Eq. 4.59, and applied in the circumstance when the
direction of the applied stress and the direction of the velocity are parallel, as will be discussed in detail
in the next chapter.
T iαβ =

σ11 0 0
0 0 0
0 0 0
 (4.59)
Substituting Eq. 4.58 and Eq. 4.59 into Eq. 4.36 and following the steps shown in Sections 4.5 and
4.6, the dispersion relationship under uniaxial stress can be obtained and produce an expression like
that of Eq. 4.55 and Eq. 4.56.
4.7 Chapter summary
This chapter shows the progress achieved by establishing the governing equation for the Lamb wave
propagating in a stressed plate by considering wave motion equations under loading for bulk waves
combined with Lamb waves propagating in the anisotropic plate.
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CHAPTER 5. NUMERICAL RESULTS FOR PLATE WITH DIFFERENT
UNIAXIAL STRESS
This chapter reports an investigation into Lamb waves, dealing with the phase velocity and group
velocity changes with applied stress for the cases when the direction of stress and direction of velocity
are perpendicular and parallel. It is shown that, for both perpendicular and parallel cases, the S1 mode
velocity is most sensitive to the effects of the applied stress.
5.1 For the case when the stress and the velocity are perpendicular
This section discusses the configuration when the direction of the applied stress and the direction
of the velocity are perpendicular, in which case the expression for initial stress tensor can be written as
shown below:
T iαβ =

0 0 0
0 σ11 0
0 0 0
 (5.1)
The coordinates used for a thin metal plate under uniaxial applied stress, where the thickness of
the plate is h, and the Lamb wave propagates in the x1 direction while the applied stress is in the x2
direction, are shown in Fig. 5.1.
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Figure 5.1: Schematic showing coordinates for a thin plate with uniaxial stress.
5.1.1 Dispersion curves under applied stress
The Lamb wave dispersion curves for thin plates under an axial stress can be obtained using MAT-
LAB code based on Eqs. 4.55 and 5.1. The code was validated with calculations using material proper-
ties parameters previously reported in the literature (Gandhi et al., 2012), and a 1.0 mm thick aluminum
plate was considered. Results considered the case of the aluminum plate with no-loading and when the
applied stress is 100 MPa. The material parameters used are shown in Table 5.1.
Table 5.1: Aluminum parameters for calculation [After Gandhi et al.,(2012)]
Parameter Value Units
λ 54.308 GPa
µ 27.174 GPa
l -281.5 GPa
m -339.0 GPa
n -416.0 GPa
ρ0 2704 km/m3
vl 6303 m/s
vt 3102 m/s
thickness 1 mm
The symmetric modes dispersion curves calculated for the two cases of uniaxial stress and no-load
are shown in Fig 5.2. It can be seen that there are small differences between the results for the two
cases.
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Figure 5.2: Dispersion curve for 1 mm thick aluminum plate without and a 100 MPa uniaxial stress.
5.1.2 Changes of phase velocity under applied stress
Because of the dispersion quality for fundamental and higher order Lamb waves, both phase velocity
and group velocity will be discussed here(Pei and Bond, 2016). In this section the phase velocity is
discussed, while the group velocity will be considered in a later section.
Validation of the code is provided by comparing the data reported in the literature (Gandhi et al.,
2012) with the present calculations which used as many of the same parameters as possible. Here
the case considered is to seek the differences for the S0 mode either with or without stress, and the
difference curves are shown in Fig. 5.3. It can be seen that the new data are in good general agreement
with that from the literature. Data for higher order modes with load have not been previously published,
but the general form of the unloaded curves are in good agreement with published data.
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Figure 5.3: The difference in velocity for the S0 mode with and without stress, comparing (i) given in
the literature (Gandhi, et al., 2012) with (ii) results obtained using the new code.
The analysis was then extended to consider the effects of stress on higher-order Lamb modes. The
differences in velocity between cases of stress and no stress as a function of normalized frequency-
thickness for different symmetrical modes are shown in Fig. 5.4. As higher-order modes are consid-
ered, the cut-off frequencies increase, (on the MHz-mm scale), and the difference in the phase velocity
decreases. It can also be seen that the S0 mode is a special case, since when compared to other modes
it has a peak rather than an obvious cut-off frequency.
Data for the corresponding cases of the difference in velocity for the cases of stress and no stress,
and for different anti-symmetrical modes as a function of frequency, are given in Fig. 5.5.
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Figure 5.4: Symmetrical mode velocity difference in a 1 mm aluminum plate as a function of frequency,
for cases of 100 MPa load and no load.
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Figure 5.5: Anti-symmetrical mode velocity difference in a 1 mm aluminum plate as a function of
frequency, for cases of 100 MPa load and no load.
It can be seen in Fig. 5.5 that, as mode order increases from the A1 to A5, the cut-off frequency
moves to higher values on the MHz-mm scale. The form of the differences for the A0 mode is different
from that for the other modes in that it has an increasing value starting from zero. The form of this
response is the same as for results previously given in the literature (Gandhi et al., 2012).
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5.1.3 Changes of group velocity under applied stress
In an experiment it is the group velocity that is measured, so to provide data for comparison with
experiment, it is necessary to calculate the group velocity. These data were calculated and the changes
seen in the group velocity under a 100 MPa uniaxial stress for the cases of the S0, S1, A0 and A1 modes
are shown in Fig. 5.6. From the data it can be seen that the S1 mode exhibits the largest change under
load at lower frequency-thickness values and that this mode appears to have the highest sensitivity to
stress.
Figure 5.6: The differences in group velocity for the S0, S1, A0 and A1 modes as a function of fre-
quency, between no-load and with 100 MPa stress applied.
To compare sensitivity to stress for different bulk wave types with Lamb wave modes, the use of
velocity normalized in frequency and thickness form at 3.0 MHz-mm was selected. The relative change
in velocity with load for the range of strain from 0 to 600 µε was calculated. The data for the cases of
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the S0, S1, A0 and A1 modes are shown in Fig. 5.7. It can be seen that the relative change in velocity
for the S1 mode Lamb wave is much larger when compared to that for other Lamb modes under the
same strain.
Figure 5.7: The change of group velocity for S0, S1, A0and A1 Lamb modes with strain under and at a
normalized thickness frequency combination, 3MHz-mm, in an aluminum plate.
When considering the data shown in Fig. 5.7, the absolute value of the slope gives a measure of
velocity change sensitivity for different wave modes and the stress sensitivity coefficient is in units of
µε−1. For comparison, the corresponding data for the change of velocity with strain for compressional
waves in aluminum (Rossini et al., 2012) and in Steel (Egle and Bray, 1976) are shown in Fig. 5.8. The
data in Fig. 5.8 shows that the S1 mode Lamb wave in aluminum is about 10 times more sensitive to
load than for the case of a bulk compressional wave.
The sensitivity is also a function of the frequency-thickness parameter and Fig. 5.9 shows the sensi-
tivity coefficient for the S1 mode. It is seen that the coefficient value is highest (most sensitive) close to
3.0 MHz-mm, the cut-off frequency, and then decreases sharply as the frequency*thickness parameter
increases. It also exhibits a second smaller peak at a value close to twice the cut-off frequency.
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Figure 5.8: The change of velocity with strain of a compressional wave for aluminum and for steel
compared with data for the S1 Lamb mode in aluminum.
Figure 5.9: Sensitive coefficient for the S1 Lamb mode in aluminum, as a function of normalized
frequency-thickness product.
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5.2 For the parallel case
This section discusses the case in which the direction of the stress and the direction of the velocity
are parallel. The expression for the initial stress tensor can be written as Eq. 5.2:
T iαβ =

σ11 0 0
0 0 0
0 0 0
 (5.2)
The coordinates for a thin plate under parallel stress are shown in Fig. 5.10
Figure 5.10: Schematic showing coordinates for a thin plate with uniaxial stress.
5.2.1 Dispersion relationship for parallel case
The parameters for the parallel case used here are unchanged, as shown in Table 5.1. The dispersion
relationship is shown in Fig. 5.11. The general form is similar as the form in the perpendicular case and
for zero stress the results are identical, and it can be seen that there are only small differences between
the results for the two cases.
Further validation of the code is provided by considering the difference in velocity for the S0 mode
with and without 100 MPa stress, and by comparing data produced by the new code with that previously
reported in the literature (Gandhi et al., 2012). These difference between the two data sets are shown in
Fig. 5.12. It can be seen that the new data are in good general agreement with those from the literature.
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Figure 5.11: Symmetric dispersion curve for 1 mm thick aluminum plate without stress and with a 100
MPa unixaial stress.
Figure 5.12: The difference in velocity for the S0 mode with and without stress, with load and measure-
ment axis parallel, comparing (i) that given in the literature (Gandhi, et al., 2012) and (ii) data obtained
using the new code.
5.2.2 Changes of phase velocity under applied stress
The analysis was then extended to consider the effects of stress on higher-order Lamb modes. The
differences in velocity between cases of stress and no stress as a function of normalized frequency-
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thickness for different symmetrical modes is shown in Fig. 5.13. Because higher-order modes are
considered, the cut-off frequencies increases (on the MHz-mm scale), and the phase-velocity differences
decreases. It can also be seen that the S0 mode is a special case when compared to other modes, in that
it has a peak rather than an obvious cut-off frequency.
Figure 5.13: Symmetrical mode phase velocity difference in a 1 mm aluminum plate, as a function of
normalized frequency-thickness, for 100 MPa’s load and no-load cases.
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Data for the corresponding cases for the difference in velocity for the cases of stress and no stress
for different order anti-symmetrical modes as a function of normalized frequency, are given in Fig. 5.14.
Figure 5.14: Anti-symmetrical mode velocity difference in a 1 mm aluminum plate, as a function of
normalized frequency-thickness for 100 MPa’s load and no-load cases.
It can be seen in Fig. 5.14 that, as mode order increases from A1 to A5, the cut-off frequency moves
to higher values on the MHz-mm scale. The form of the differences for the A0 mode is different from
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that for the other modes in that it has an increasing value starting from zero. The form of this response
is the same as for results previously given in the literature (Gandhi et al., 2012).
5.2.3 Changes of group velocity under applied stress
Here again the group velocity will be discussed. These data were calculated and the changes seen
in the group velocity under a 100 MPa uniaxial stress for the cases of the S0, S1, A0 and A1 modes are
shown in Fig. 5.15. From the data it can be seen that the S1 mode exhibits the largest change under load
at lower frequency-thickness values, and that this mode appears to have the highest sensitivity to stress.
Figure 5.15: The differences in group velocity between no-load and with 100 MPa stress applied for the
S0, S1, A0 and A1 modes as a function of normalized frequency-thickness.
To compare sensitivity to stress for different bulk wave types and Lamb wave modes for a typical
case, the use of velocity normalized in a frequency and thickness form at 3.0 MHz-mm for aluminum
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was selected. The relative change in velocity with load for the range of strain from 0 to 600 µε was
calculated. The data for the cases of the S0, S1, A0 and A1 modes are shown in Fig. 5.16, where it
can be seen that the relative change of the velocity for the S1 mode Lamb wave is much larger, when
compared to that for other modes under the same strain.
Figure 5.16: The change in group velocity for S0, S1, A0 and A1 modes with strain under and at a
normalized frequency-thickness combination, 3 MHz-mm, in an aluminum plate.
The sensitivity of the S1 mode is shown in Fig. 5.17 as a function of the normalized frequency-
thickness parameter. It can be seen that the coefficient value is highest (most sensitive) close to 3.0
MHz-mm, the cut-off frequency, and it then decreases sharply as the value of the frequency-thickness
parameter increases. It does exhibit a second and even a third, but smaller peak, at a value close to that
close to a multiple of the cut-off frequency.
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Figure 5.17: Sensitive coefficient for the S1 mode, as function of normalized frequency-thickness.
5.3 Comparison of Acoustoelastic effect on Lamb wave propagation in stressed plates
with different measurement orientations
In section 5.1 and 5.2 the sensitivity of higher Lamb modes to loads was investigated using mod-
els in which the load and measurement axis are perpendicular (Configuration A) and when load and
measurement axis are parallel (Configuration B) as shown in the following Fig. 5.18. In this section a
comparison between these two configurations will be presented.
Figure 5.18: Schematic showing load and measurement axes. Configuration A - load and measurement
perpendicular, Configuration B - load and measurement parallel.
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5.3.1 Comparison of higher order Lamb wave for phase velocity
The data in Fig. 5.19 show that, for the parallel case (B), the velocities increase with loading and the
changes in velocity are all positive. In contrast, for the perpendicular case (A), the velocities increase
but the changes in velocity are all negative. Although these are the differences, it can be seen that in
both cases it is the S1 mode which changes most.
Figure 5.19: Symmetrical mode velocity differences in a 1 mm aluminum plate as a function of
frequency-thickness, comparing cases for a 100 MPa load and no-load for the two cases A and B.
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Fig. 5.20 shows the corresponding data for the symmetrical phase modes for differences in phase
velocity for the cases of 100 MPa stress and no stress for different modes as a function of frequency, for
both parallel (B) and perpendicular (A) configurations.
Figure 5.20: Anti-symmetrical mode velocity difference in a 1 mm aluminum plate, as a function of
frequency-thickness, comparing cases of a 100 MPa load and no-load, for the measurement cases A and
B.
Fig. 5.20 shows the corresponding data for the anti-symmetrical phase modes of the difference in
the phase velocity for the cases of 100 MPa stress and no stress for different modes as a function of
frequency-thickness, for both parallel (B) and perpendicular (A) cases. It can be seen that, as mode
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order increases from A1 to A5, the cut-off frequency moves to higher values on the MHz-mm scale.
Comparing the parallel with the perpendicular case, it is seen that for the perpendicular case with load
added, the velocity increases and the changes in velocity are all positive. In contrast, for the parallel
case the velocity increases but the changes in velocity are all negative.
5.3.2 Comparison of higher order Lamb wave for group velocity
Comparison and contrast behavior with respect to group velocity is shown in Fig. 5.21. The data
were calculated and the changes can be seen in group velocity under a 100 MPa uniaxial stress for the
cases of the S0, S1, A0 andA1 modes. From the data it can be seen that the S1 mode exhibits the largest
change under load at lower frequency-thickness values and that this mode appears to have the highest
sensitivity to stress.
Figure 5.21: The differences in group velocity for the S0, S1, A0 and A1 modes as a function of
frequency-thickness, between no-load and with 100 MPa stress applied for both parallel (B) and per-
pendicular (A) cases.
The data for the changes in group velocity for the perpendicular (A) and parallel (B) cases are shown
in Fig. 5.22. Comparing the data for the parallel and perpendicular cases, it can be seen that in both cases
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the S1 mode group velocity is most sensitive with respect to the effects of stress when compared with the
other three modes, and this again is especially true near the cut-off frequency. The difference between
the two data sets is that for the perpendicular (A) case the value is negative while for the parallel (B) case
the value is positive. To compare the sensitivity of different Lamb modes to load (strain), normalized
frequency-thickness was selected at 3.0 MHz-mm (near the cut-off frequency). The relative change in
group velocity with strain was calculated for the range from 0 to 600 µε. The sensitivity with respect
to aluminum of the S1 mode for the case of load and measurement axis perpendicular (A) is compared
to the case of S1 mode for the load-measurement axis parallel (B), and the data are compared with the
effects for bulk waves in steel (Egle and Bray, 1976) and aluminum (Rossini et al., 2012), the data for
which are given in Fig. 5.22. It can be seen that, for the S1 parallel (B) case, this Lamb mode is about
6 times more sensitive than for a bulk wave, and the S1 mode for perpendicular (A) is about 10 times
more sensitive.
Figure 5.22: The change of velocity with strain for (I) compressional wave for steel (Egle and Bray,
1976), (II) compressional wave for aluminum (Rossini et al., 2012) and (III) S1 Lamb wave mode in
aluminum for parallel and perpendicular load and measurement axis.
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5.4 Uncertainty in the numerical calculations for the velocity
Potential sources of errors and uncertainty regarding the numerical calculations was investigated,
and the most significant cause of inaccuracy and errors would appear to be the input material parameter
values used. The sensitivity to variation in material parameters was investigated by repeating calcu-
lations when changing values of one parameter by 5% or 1%; the effect of these changes on relative
change in velocity are tabulated in Table 5.2.
Table 5.2: Influence of aluminum parameters for calculation
Parameter Value Change 5 % Value Change 1 %
λ 42.44% 12.75%
µ 54.26% 21.90%
l 2.34 % 0.48 %
m 1.84 % 0.33 %
n 7.05 % 1.35 %
As can be seen with the data in Table 5.2, when changing the values of the input parameters used
for λ and µ change in turn by 1%, result in changes in the relative change of velocity of 12.75% and
21.9%, respectively. If reliable calculations of estimates for stress are to be obtained from changes in
velocity it is essential to use the best available material property data set for the base material.
5.5 Physical explanation of the numerical results
As shown in Section 5.3, the S1 mode is most sensitive to stress when compared to others. This can
be explained by considering the dispersion curves shown in Fig. 5.23. As shown for the S1 mode, the
slope of the curve near the cut-off frequency is the steepest, meaning that below the cut-off frequency
the group velocity changes most with a change in load, and any factor that can contribute to a change
of velocity can also increases the sensitivity to the velocity. Stress can be one of the most important
factors making a contribution to determining the velocity.
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Figure 5.23: Group velocity dispersion curve for Lamb modes in a thin aluminum plate.
5.6 Chapter summary
This chapter shows results for how phase and group velocities change with applied load for the
cases when the direction of stress and direction of velocity are either perpendicular or parallel. It shown
that the S1 mode velocity is most sensitive to the applied stress for both cases. Uncertainties in the
numerical calculations are also discussed, and an explanation is given as to why the S1 mode is most
sensitive from the perspective of basic physics.
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CHAPTER 6. EXPERIMENTAL VERIFICATION OF THE NUMERICAL
RESULTS FOR DIFFERENT STRESS CONFIGURATIONS
In this chapter, the experimental system is discussed and data obtained for both perpendicular (A)
and parallel (B) cases to be compared with the numerical results reported in chapter 5.
6.1 Experiment set up
To provide the experimental velocity data for comparison with the model estimates with respect
to higher-order Lamb wave mode sensitivity to the stress, it is necessary to have obtain samples with
controlled loads, so a previously-constructed load frame (Wormley and Thompson, 1989) was dedicated
to this project and is shown in Fig. 6.1. It incorporates a manual two-speed hydraulic hand pump that
can deliver loads up to 27,000 kg that can be applied to samples with a 6.45 cm2 cross section, providing
loads of up to about 400 MPa. The samples were aluminum sheets 1.6 mm thick with length and width
of approximately 50× 45 cm. Load is applied to the sheet samples through clamps that attach to bolts
set into precision-drilled double rows of 17 holes. The resulting loads were measured using 3 strain
gauges (Fig. 6.2) with a P3 Strain Indicator and Recorder (Vishay Measurements Group, Inc). Strain
gauges were attached to the aluminum plate with their axes set to be in the same direction as the uniaxial
loading, and strain was recorded using the P3 Strain Indicator and Recorder.
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Figure 6.1: Tone burst generator used for the experiment system (for configuration A) (a) system
schematic (b) photograph of the complete system.
The ultrasonic plate wave measurement system is comprised of oblique wedges set in a yoke to
ensure that they maintain constant separation. Two 2.25 MHz compression wave transducers (Panamet-
rics, type A404) were used. Lamb waves were generated and received using the transducers fastened
onto variable-angle Plexiglas wedges, as shown in Fig. 6.3. The transmitter is driven using a tone-burst
signal generator (Hewlett Packard 33120A) and a high-power amplifier (Model 3100L, Electronic Nav-
igation Industry, Rochester, NY). The receiver is connected to a pre-amplifier (Olympus) with 50 dB of
gain, and signals were measured with a digital oscilloscope (HDO4022, 200MHz High Definition Oscil-
loscope, TELEDYNE LECROY). The system is used to apply a 30 cycle tone burst intended to generate
a specific mode in the plate at a selected frequency, typically at or close to the cut-off frequency. The
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incident angle required for each mode was identified using Snell’s law and the Lamb wave’s velocity
dispersion curve. For the case of the S1 mode, as shown in Fig. 6.4, variation in frequency produced
a change in velocity. Mineral oil was used as the couplant between the oblique wedge and aluminum
plate. Constant pressure (produced by a cylinder-shape steel element) was applied to the transducer-
receiver system to ensure that consistent coupling was maintained. The received signal was amplified
and sent to the oscilloscope, where it was digitized at a 100 MHz sampling rate, averaged 64 times to
improve the signal-to-noise ratio, and stored for subsequent signal processing.
Figure 6.2: Strain gages used in the experiment.
Figure 6.3: Transmission mode used in the experiment.
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Figure 6.4: S1 mode group velocity dispersion curve.
An example of a typical received signal is shown in Fig. 6.5. In this case there are four modes in
the received signal that can be identified by their velocities, corresponding to the A1 mode, the fastest,
and the S1 mode, the slowest. These data could be interpreted using the corresponding dispersion curve
data shown in Fig. 6.6, the group dispersion curve near 3.0 MHz-mm. The A1 and A0 modes arrive first
because their velocities are the fastest and the S1 mode arrives last because it has the slowest velocity.
As is discussed, the various modes shown in Fig. 6.5 are in agreement with those predicted for the
dispersion curve near 3.0 MHz-mm shown in Fig. 6.6.
Figure 6.5: An example of a received signal for 3 MHz-mm on an aluminum plate.
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Figure 6.6: Group velocity dispersion curve for aluminum.
For the measurement, the frequency of the tone-burst signal generator was set to the ”cut-off” region,
based on the thickness of the sample aluminum plate and the dispersion relationship, then the incident
angle of the transducer fastened to the variable-angle Plexiglas wedges was identified, based on the
Snell’s law. The signal generator was then fine-tuned while observing the oscilloscope signal to make
the S1 mode Lamb signal most clear to make sure that the S1 mode was in the ”cut-off” area. The signal
was first recorded with no load, then load was added until the strain recorder read 100 µε, after which
the signal was recorded after it stabilized. The process was repeated and signal recorded for loads up to
600 µε at steps of 100 µε. (These strains are read from ”P3 strain indicator and recorder”, the resolution
is ±0.1%± 3 counts of reading.)
6.2 Experiment data analysis
Since the ultrasonic method for stress characterization is based on the change in TOF for ultrasound
velocity, appropriate methods for obtaining TOF with required resolution were necessary.
6.2.1 Different methods for TOF measurement
Since ultrasonic methods for stress characterization are based on the relationship between the stress
and ultrasound velocity, it is necessary to use a suitable method for an accurate velocity measurement,
90
which is based on the accurate TOF measurement methods. The signal parameters that are usually ap-
plied for TOF evaluation are amplitude, phase, frequency and group delay (Svilainis, 2012; Svilainis
and Dumbrava, 2008). For an amplitude based measurement, any factor that can influence the ampli-
tude, such as sample surface roughness and thickness of the couplant, could lead to a inaccurate TOF
measurement result. For phase based measurement, the time domain resolution is not available and only
limited phase can be measured. The frequency based method also has the disadvantage that on-time do-
main resolution available, making it hard to select signals for measurement. The group delay method
usually uses short signals, signal peak, and zero crossing point, which can all be used as standard for
TOF measurement.
The aforementioned methods are only based on the local properties of the signals, there is still a
large amount of information of the signal that is not considered. The maximum likelihood criteria,
likeness between the reference signal (obtained by using adaptive model) and received signal, can be
applied for TOF measurement. The cross-correlation maximum, minimum of difference L1-norm and
minimum of difference L2 norm techniques can all be applied for TOF measurement (Svilainis, 2012).
Cross-correlation (CC) method (Zhang and Wu, 2006; Bjo¨rklund, 2003) is based on the cross-
correlation function x for TOF estimation:
ToFCC = arg[max(x(τ))] (6.1)
Where x is: x(τ) =
∫ +∞
−∞ SR(t)ST (t− τ)dt; SR is the reflected signal and ST is the transmitted signal.
For the L1-norm minimization method (Zhang and Wu, 2006; Parrilla et al., 1991), TOF can be
expressed as:
ToFL1 = argmin[L1(τ)] (6.2)
Where L1 is: L1(τ) =
∫ +∞
−∞ |SR(t)− ST (t− τ)|dt.
For the L2-norm minimization method (Zhang and Wu, 2006), TOF can be expressed as:
ToFL2 = argmin[L2(τ)] (6.3)
Where L1 is: L2(τ) =
∫ +∞
−∞ [SR(t)− ST (t− τ)]2dt.
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There are already many well-developed methods available for TOF measurement (Ensminger and
Bond, 2011) based on the aforementioned theory. The interferometer method for accurate sound ve-
locity measurement in liquids and solids, based on constructive and destructive interference between
reflected and transmitted waves, is the preferred method. For a single frequency signal, the velocity
of sound can be obtained by wavelength multiplied by frequency. The resonance method is based on
finding two successive resonant frequencies (f1 and f2) for the media at a distance l from the incident
transducer to the receiving transducer. The velocity can be expressed as c = 2l∆f . The so-called
”Sing-around” method can be used for accurate velocity measurement; it is based on the principle that
by triggering the single N times and recording the total TOF T , a single TOF t can be expressed as
t = T/N . The Pulse-Superposition method is based on the superposition of two pulses by controlling
the pulse repetition rate. The velocity can be obtained by considering combined pulse travel distance
and repetition. These methods can be used for velocity measurement (both phase velocity and group
velocity), but usually for non-dispersion signals.
For dispersive waves, especially for the dispersion curve description, the time-frequency method is
usually applied. It is a method that can combine analysis time with frequency, a very helpful property
for dispersion relationship analysis. There are many methods for time/frequency analysis, including
short-time Fourier Transform (STFT), wavelet transform, the smoothed Wigner-Ville distribution, and
others. The STFT method is highlighted in this study: STFT divides the time domain signal into a series
of small fragments and applies FFT to each; an expression for STFT can be written as (Niethammer
et al., 2001):
S1(ω, t) =
1
2pi
∫ +∞
−∞
e−iωτx(τ)s(τ − t)dτ (6.4)
Where s(t) is a window function (Hanning window or Gaussian window), and x(τ) is the signal needing
to be transformed. S1(ω, t) is the Fourier Transform of x(τ)s(τ − t). Typically the time index t can
influence the resolution of the results.
6.2.2 The STFT method for TOF measurement
The use of the STFT method has been previously demonstrated as an effective method for dispersion
curve analysis (Hamada and Shibuya, 1995; Wang and Yuan, 2007). The theory and physical meaning
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of the STFT method have been previously described in the literature (Hamada and Shibuya, 1995;
Wang and Yuan, 2007) and it has also been reported that the arrival time for group velocity at specific
frequencies can be obtained by determining the magnitude of the coefficients.
The group velocity for different modes can be obtained by varying the wedge angle based on Snell’s
law. When a range of different group velocity data are obtained for various modes at different frequen-
cies, the Lamb wave group velocity dispersion curve can be obtained.
In using this approach the steps involved in identifying arriving time by STFT are:
(1) Apply the STFT algorithm, identify the time slice (Wang and Yuan, 2007) corresponding to the
amplitude at the center frequency;
(2) Record the time constant to find the arrival time t1 of the Lamb with the largest amplitude in the
time slice. Change the transducer separation d and again record the arrival time t2. The group velocity
of the Lamb wave at the center frequency can then be obtained by dividing the distance d by the time
differencet = t2 − t1;
(3) The Lamb wave group velocity at different frequencies can then be obtained, by adjusting the ap-
plied center frequency for the incident signal.
The STFT algorithm is used for time-frequency analysis. An example of the data obtained corre-
sponding to the S1 Lamb mode is shown in Fig. 6.7. It gives a representation for the time domain and
frequency information at the same time. The energy is seen to be concentrated near 1.9 MHz.
Figure 6.7: Time-frequency analysis of S1 mode, for the sample aluminum plate.
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For a particular frequency, the relationship between time and amplitude can be obtained from
Fig. 6.7. Fig. 6.8 shows an example of the time and amplitude relationship for the frequency f0=1.9
MHz. As is shown in the figure, the maximum amplitude of the curve corresponds to t, meaning that
for the frequency f0=1.9 MHz its arriving time is t.
Figure 6.8: Time-frequency analysis for frequency f0=1.9 MHz.
6.2.3 Measurement of TOF with the STFT method
Following characterization of the S1 Lamb mode, the effects of applying a load to the aluminum
plate were investigated. For a pair of transducers at a set separation d in the assembly the arrival time
t1 was measured with by the STFT method for a certain frequency of the S1 mode. The load was then
applied and the arrival time t,1 recorded. The transducer separation was increased by a pre-selected
increment d, and the new arrival time t2 recorded, and the load was then applied and the arrival time
recorded as t,2. The group velocity could then be calculated using the expression: Vg = d
,/(t2 − t1).
The group velocity with loading can also be expressed as: VgL = d,/(t
,
2 − t,1). Time domain data were
recorded with loads from 0 to 600 µε, at intervals of 100 µε.
Fig. 6.9 shows an example of TOF data for the perpendicular case; the TOF increases as the load
increases, meaning that the velocity decreases, in general agreement with the numerical results shown
in the last chapter for the perpendicular case.
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Figure 6.9: TOF at various strains for the S1 mode for the perpendicular case.
Fig. 6.10 shows an example of TOF data for the parallel case in which TOF goes down as load goes
up. This means the velocity increases, in general agreement with the numerical results shown in the last
chapter for the parallel case.
Figure 6.10: TOF at various strains for the S1 mode for the parallel case.
From Fig. 6.9 and 6.10, a TOF difference can be seen for 0 strain location for both perpendicular and
parallel cases, this is because pre-loading was added to make sure the plate was flat. The experiment
for the perpendicular and parallel configurations were performed separately on different dates, when
the plate was regarded flat after a suitable pre-loading was added, the strain gauge indicator was then
corrected to zero. The TOF difference is a result of the pre-loading difference that has no influence on
the final results where only the relative change in velocity is of concern.
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6.2.4 The possible influence of locations
Four measurements were made for both perpendicular (A1, A2, A3 andA4 ) and parallel (B1, B2, B3
and B4) configurations at intervals 5cm for different locations (black dots), as shown in Fig. 6.11.
Figure 6.11: Schematic showing measuring directions and locations.
The results for perpendicular and parallel configurations are shown in Fig. 6.12 and Fig. 6.13, re-
spectively. These figures reveal no obvious differences, meaning that there are no other factors such as
variations in thickness, grain size or texture that significantly influence the results in these experiments.
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Figure 6.12: TOF at various locations and strains for the S1 mode for the perpendicular case.
Figure 6.13: TOF at various locations and strains for the S1 mode for the parallel case.
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6.2.5 Plate thickness monitored by ultrasonic thickness gauge
As discussed in Chapter 5, the S1 mode near the cut-off frequency is much more sensitive to stress.
The problem for the ”cut-off frequency” region is that it is highly dispersive and both the thickness
of the plate and the frequency of the incident signal should be constant to obtain reliable results. The
thickness of the plate was monitored by an ultrasonic thickness gauge to ensure that it was near constant.
Fig. 6.14 shows the ultrasonic thickness gauge (Model 25MULTIPLUS, GE Panametrics) used for plate
thickness monitor. The gauge was calibrated by a 7075 Aluminum stepped (1mm, 2mm, 3mm, 4mm,
and 5mm) thickness gauge which is shown in Fig. 6.15. A 10 MHz contact transducer with a maximum
resolution 0.001 mm was used for the measurement.
Figure 6.14: Ultrasonic thickness gauge used for plate thickness measurement.
Figure 6.15: The 7075 Aluminum stepped thickness gauge used in the experiment.
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The ultrasonic thickness gauge measurement was calibrated by the isotropic 7075 Aluminum stepped
thickness gauge and the measurement result was based on the ultrasound velocity. The measurement
was carried out for both perpendicular and parallel configurations. For each configuration, the mea-
surement was made at ten different points along a line on the plate with the results shown in Table 6.1.
Observing Table 6.1, it can be seen that there are only small difference in the measured thickness d.
The mean value for the perpendicular configuration can be calculated as: d = 1.602mm, while for the
parallel case it can be calculated as: d = 1.602mm.
Table 6.1: Thickness measurement results using ultrasonic thickness gauge (unit: mm)
cases 1 2 3 4 5 6 7 8 9 10
perpendicular1.601 1.600 1.603 1.602 1.605 1.600 1.602 1.601 1.602 1.604
parallel 1.602 1.603 1.601 1.600 1.602 1.604 1.601 1.603 1.604 1.602
The thickness of the plate was measured again for both perpendicular and parallel configurations
with the same locations using micrometer. The results are shown in Table 6.2. When comparing Ta-
ble 6.1 and Table 6.2, it is seen that the thickness results measured by the ultrasonic thickness gauge
and by the micrometer are very similar. Considering that the Ultrasonic thickness gauge measurement
was based on the ultrasound velocity, it means the aluminum plate used in the experiment is isotropic
and the TOF measurement results have no influence by texture, grain size and etc.
Table 6.2: Thickness measurement results using micrometer (unit: mm)
cases 1 2 3 4 5 6 7 8 9 10
perpendicular1.600 1.600 1.603 1.601 1.605 1.600 1.602 1.601 1.602 1.603
parallel 1.602 1.603 1.600 1.600 1.602 1.603 1.601 1.603 1.603 1.602
6.3 Chapter summary
This chapter describes the experimental system set-up process for both the perpendicular (A) and
parallel (B) cases. The received signal was analyzed to distinguish among different modes (A0, A1, S0
and S1 modes). The STFT method was used for data analysis to obtain the group velocity. The thickness
of the plate was monitored by an ultrasonic thickness gauge to ensure that its was constant to ensure a
stable plate thickness that did not influence the measurement results.
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CHAPTER 7. COMPARING EXPERIMENTAL RESULTS WITH NUMERICAL
RESULTS
This chapter presents and discusses the experimental results, presented in Chapter 6,including anal-
ysis of accuracy, and compares them with numerical results reported in Chapter 5 for both perpendicular
and parallel cases. The results show that numerical results and experiment results are in good agree-
ment.
7.1 Errors, accuracy and precision
For obtaining reasonable measurement results it is necessary to consider error, accuracy, and preci-
sion. The exact value of a physical quantity can not be obtained directly by experiments, but it can be
effectively evaluated by repeating measurement and considering possible errors.
7.1.1 Accuracy and precision
”Accuracy” and ”precision” (or ”repeatability”) (Dieck, 2007) are two standard metrics used to
describe values obtained as experimental results.
Measurement of accuracy describes how close experiment results are to the ”true” value. Usually the
true value is not available so is necessary to determine the accuracy and, with respect to the experimental
measurements, usually obtained as the mean of several measurements, is regarded as the best estimate
of measurement.
Precision refers to how closely the measurement results agree with those of others, and a small range
of difference usually indicates that the data are highly reproducible. For experimental measurements,
the standard deviation of the set of measured values is commonly used to define the measurement range.
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7.1.2 Systematic errors and random errors
Systematic errors (Rabinovich and Rabinovich, 2010), representing the limitations of measurement
theory or measurement methods, are caused by inherent errors of the measurement tools. Within the
same measurement environment, the values of measurement results are always either all larger or all
smaller than the true values, so these errors are also called ”one-sided” errors. While systematic errors
can not be eliminated by repeating the experiment, they can be reduced by improving a measurement
method and its implementation.
Random errors are another type of error (Rabinovich and Rabinovich, 2010). They can be caused by
instability of the experiment device, negative influences in the measurement environment (like noise),
and the personal actions of the operator. A set of measurement results subject to random errors can
obtain larger or smaller values than the true value, so they are also called ”two-sided” errors. Random
errors can be described by observations from repeating the measurement.
7.1.3 Mean and standard deviation
The definition of mean, standard deviation, and standard error can be expressed as follows (Gonza´lez
and Herrador, 2007):
For an experimental measurement repeated N times producing values of xi (i = 1, 2, 3..., N), the mean
x¯ can be expressed as:
x¯ =
1
N
N∑
i=1
xi =
1
N
(x1 + x2 + x3 + ...+ xN−1 + xN ) (7.1)
The standard deviation σx of the measured values xi (i = 1, 2, 3..., N) can be expressed as:
σx =
√√√√ 1
N − 1
N∑
i=1
(xi − x¯)2 (7.2)
The standard error S can be expressed as:
Sx =
√√√√ 1
N(N − 1)
N∑
i=1
(xi − x¯)2 = σx√
N
(7.3)
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7.1.4 Uncertainty of the measurement results
For obtaining accuracy in measuring Lamb wave velocity, TOF and the gauge length measurement
should be sufficiently accurate. Fig. 7.1 shows the transducer locations.
Figure 7.1: Diagram showing transducer measurement configuration.
Table 7.1 shows the resolution for TOF and the gauge distance d in the experiment, obtained from
the measurement results.
Table 7.1: Resolution of parameters for velocity measurement
Parameter Resolution
∆TOF 2 ns
d 0.02mm
The propagation of uncertainty can be written as shown in Table 7.2 (Baird, 1962; Bevington et al.,
1993) :
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Table 7.2: The propagation of uncertainty
Operation Expression Uncertainty
Addition/Subtraction z = x± y δz =
√
δx2 + δy2
Multiplication z = xy δz = |xy|
√
( δxx )
2 + ( δyy )
2
Division z = xy δz = |xy |
√
( δxx )
2 + ( δyy )
2
Power z = xn δz = |n|xn−1δx
Multiplication by a Con-
stant
z = cx δz = |c|δx
Function z = f(x, y) δz =
√
(∂f∂x )
2(δx)2 + ∂f∂y )
2(δy)2
7.2 Relative change in the group velocity
For the pair of transducers at a given separation (d1), as shown in Fig. 7.1, the arrival time (t1) was
measured using the STFT method for a certain frequency of the S1 mode. The load was then applied
and the new arrival time (t,1) was recorded. The transducer separation was then increased to a new
position (d2) and the new arrival time recorded (t2). Once again the load was applied and the arrival
time recorded (t,2). The group velocity can then be calculated using the expression:
Vg =
d2 − d1
t2 − t1 =
d
t2 − t1 (7.4)
The group velocity with loading is calculated as:
VgL =
d2 − d1
t,2 − t,1
=
d
t,2 − t,1
(7.5)
The time domain data were recorded with loads ranging from 0 to 600 µε at time intervals of 100
µε. The measurements were each performed six times and the results averaged to enhance measurement
accuracy. Strain and TOF were recorded, and their mean (x¯) was regarded as a good estimate of the
true value. Error bars are expressed in term of standard error (S = σ/
√
N , where σ is the standard
deviation and N is the number of the measurement).
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7.2.1 For the perpendicular case
The velocity for the S1 mode was first measured without applied stress and was approximately
1700 m/s. This result can be compared with the group dispersion relationship shown in Fig. 7.2 to
evaluate the excitation position on the dispersion curve for the S1 mode. As shown in Fig. 7.2, the
excitation area is near the ”cut-off” frequency (about 3.01 MHz −mm).
Figure 7.2: Group velocity dispersion relationship.
The relative change of velocity can be written as the change time t:
vgL − vg
vg
=
d
t,2−t,1 −
d
t2−t1
d
t2−t1
=
d
tgL
− dtg
d
tg
=
tg − tgL
tgL
(7.6)
Experimental results for the relative change of velocity for both with load and without load can be
calculated by Eq. 7.6. The model (at 3.0 MHz-mm) and experimental data (red color) with error bars
are plotted against strain as shown as Fig. 7.3 where it can be seen that the absolute value of slope for
the experiment data is 2.72e−5µε−1 , a little less than that for the model result data (3.25e−5µε−1).
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Figure 7.3: Comparison of experimental (red color) and model data for velocity change against strain
for various Lamb modes.
When the S1 mode velocity was investigated, it was found to be less sensitive than predicted for
the cut-off at 3.0 MHz-mm. Upon review of the data in Fig. 7.2, the S1 dispersion curve, the results
showed that the actual wave generated experimentally was closer to 3.01 MHz-mm than to the value
”3.00 MHz-mm” used for numerical calculation. The model data for the S1 mode at 3.00 and 3.01
MHz-mm at various loads, along with the experimental data, are shown in Fig. 7.4, showing that the
numerical results at 3.01 MHz-mm and the experiment results are in good agreement.
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Figure 7.4: Comparison of experimental S1 Lamb mode velocity change against load (red color) and
numerical model results for cases at 3.00 and 3.01 MHz-mm.
Fig. 7.5 shows the relative change in group velocity for different locations (A1, A2, A3 and A4,
as discussed in chapter 6) for the perpendicular configuration. The red bars represent error bars with
”frequency-thickness” changes of 1 percent. As can be seen in the figure, a change of measurement
locations produced no significant change in the results, indicating that there are no major factors, such
as variations in thickness, grain size, texture, etc., influencing the results. Also, observation of the red
error bar shows a relatively large variation associated with a 1 percent change of the frequency-thickness
combination, because there is a steep slope in the dispersion curve near the cut-off frequency, meaning
that the frequency-thickness combination should remain constant during the measurement.
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Figure 7.5: Comparison of experimental S1 Lamb mode velocity change against load (red color) and
numerical model results for cases at 3.00 and 3.01 MHz-mm.
7.2.2 For the parallel case
The velocity was measured without stress and found to be approximately 1750m/s. This result can
be compared with the group dispersion relationship shown in Fig. 7.2 to evaluate the excitation position
on the dispersion curve for the S1 mode, showing that the excitation area is near the ”cut-off” frequency
(between 3.01MHz −mm and 3.015 MHz −mm).
The experimental results for the relative change of velocity with load and without load can also be
calculated using Eq. 7.6. The model data (at 3.0 MHz-mm) and experimental data (red color) with error
bars are plotted against strain as shown as Fig. 7.6.
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Figure 7.6: Comparison of experimental (dash line) and model data for velocity change against strain
for various Lamb modes.
From Fig. 7.6, it can be seen that the absolute value of slope of the experimental data is 1.44e−5µε−1,
less than that for the model result data (1.67e−5µε−1). The reason for this discrepancy is that the ex-
perimental mode was not exactly located at the cut-off frequency. Fig. 7.7 shows a comparison between
the numerical results and experiment results for the case of a 3.015 MHz-mm S1 mode. As can be seen
in the figure, the numerical results and the experiment results are in good agreement.
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Figure 7.7: Comparison of experimental S1 Lamb mode velocity change against load (dash line) and
numerical model results for cases at 3.0 and 3.015MHz-mm.
Fig. 7.8 shows the relative change in group velocity for different locations (B1, B2, B3 and B4,
as discussed in Chapter 6) for the parallel configuration. Again the red bars represent error bars with
frequency thickness combined changes of 1 percent. As shown in the figure, with a change of measure-
ment locations there is no significant change for the results, meaning there are no significant effect due
to factors such as variation in thickness, grain size, texture, etc., that obviously influence the results.
Also, the red error bars reflect a relatively large variation for a 1 percent change of in the frequency-
thickness combination, again because it there is high slope region of the dispersion curve near the cut-off
frequency.
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Figure 7.8: Comparison of experimental S1 Lamb mode velocity change against load (red color) and
numerical model results for cases at 3.00 and 3.015 MHz-mm.
7.2.3 Comparison of the parallel and perpendicular case
A comparison between the velocity changes under load for parallel and perpendicular cases is shown
in Fig. 7.9. The data obtained for these two cases are in good agreement with the model data at the
corresponding frequency-thickness value, as discussed above. From Fig. 7.9 it can be seen that, for the
perpendicular configuration the load decreases the velocity, while for the parallel configuration the load
increases the velocity. Also, for the perpendicular configuration the relationship between ultrasound
velocity and stress are more sensitive than for the parallel configuration.
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Figure 7.9: Comparison of experimental S1 Lamb mode velocity change against load (dash line, with
frequency-thickness combination 3.01 MHz-mm for configuration A and 3.015 MHz-mm for configura-
tion B) and numerical model results (with frequency-thickness combination 3.00 MHz-mm) for parallel
and perpendicular case.
7.3 Estimation of the resolution for the stress measurement system
The S1 Lamb wave near the ”cut-off frequency” region is a good choice for stress measurement,
considering its high sensitivity to the stress. For stress measurement, there are a lot of factors that can
influence the measurement resolution: the distance between the transmitting and receiving transducers,
the resolution of the TOF measurement method, the character of the measured samples, including the
surface roughness, the texture, the grain variation, and other factors that can influence the ultrasound
velocity.
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For the experimental system used in this project, the distance between the transmitting and receiving
transducer is 180.390 ± 0.003 mm, the distance between two receiving transducers (with number 2 and
3, shown in Fig. 7.1) is 25.770± 0.001 mm. The TOF measurement uncertainty is 2 ns with the applied
STFT signal processing method. The aluminium plate used in this project is regarded as isotropic with
constant thickness.
7.3.1 For the perpendicular case
Observing Fig. 7.4 (last section), it is shown that the simulating point in the experiment is 3.01 MHz-
mm for the perpendicular configuration. The relationship between the velocity and the stress (range: 0
to 20 MPa) obtained from the numerical model is shown in Fig. 7.10. As shown in the figure, it is a
linear relationship between the stress and the group velocity, the slope of the curve is 0.7 (m/s)·MPa.
Figure 7.10: The relationship between the stress and the group velocity for the perpendicular configu-
ration with frequency thickness combination 3.01 MHz-mm.
Considering the distance between the two receiving transducers, the TOF measurement resolution,
the propagation of the resolution shown in Table 7.2, and the relationship between the stress and the
group velocity shown in Fig. 7.10, the stress value should larger than 3 MPa to obtain a reasonable TOF
value. In other words, the resolution of the experiment system for stress measurement is estimated to
be ± 3 MPa.
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7.3.2 For the parallel case
Observing Fig. 7.8 (last section), the simulating point in the experiment is 3.015 MHz-mm for
the parallel configuration. The relationship between the velocity and the stress (range: 0 to 20 MPa)
obtained from the numerical model is shown in Fig. 7.11. Again it is a linear relationship as for the
parallel configuration, the slope of the curve is 0.375 (m/s)·MPa.
Figure 7.11: The relationship between stress and group velocity for the parallel configuration with
frequency thickness combination 3.015 MHz-mm.
Considering all the factors stated for the perpendicular configuration, the stress value should larger
than 6 MPa to obtain a reasonable TOF value, which means the resolution of the experiment system for
stress measurement is less than the perpendicular case and is ± 6 MPa.
7.4 Chapter summary
This chapter describes in detail the methodology for calculating the S1 mode group velocity with
and without load for both configuration A and configuration B. The experimental results show good
agreement with the numerical results.
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CHAPTER 8. DISCUSSION
This chapter reviews and discusses the major results of the thesis, whose topic is enhancing the
sensitivity of ultrasonic velocity measurement of stress. Two aspects, LCR waves and guided waves,
are discussed to provide guidance with respect to enhancing stress measurement methods, recognizing
that there are still natural limitations to using ultrasonic methods.
8.1 The LCR wave method for stress characterization
While the LCR method has been widely used for possible residual stress characterization (Buenos
et al., 2012). there are additional possibilities for enhancing the sensitivity between stress and an LCR
wave. When the ultrasound velocity and the stress occur in the same direction, the sensitivity reaches a
maximum. There is usually an angle θ between the bulk wave and in plate stress (Fig. 8.1, as described
in Chapter 3), and the goal of this work has been to use models to investigate parameters that could
reduce the angle θ.
Figure 8.1: Direction difference between the LCR wave and the possible stress σ.
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A 2D ”water-steel” model has been used to investigate LCR wave properties. The Orthogonal
Experiment Method was used to analyze the parameters (the incident angle, the center frequency, the
aperture of the transducer, and the receiving locations) that can influence the directivity of the LCR
wave, that in turn determines sensitivity between the LCR wave and the stress. The results show that the
incident angle, the center frequency, and the aperture of the transducer are the main factors contributing
to the directivity of the LCR wave, and in determine the sensitivity of the LCR wave.
The effect of the incident angle is easy to understand based on Snell’s law, since the wave will
change its propagation direction with a change in the incident angle. An increase in frequency will
result in an increase in the wave attenuation, meaning the LCR wave would propagate towards the
surface. With respect to the aperture of the transducer, it also makes a significant contribution to the
directivity of the LCR wave. As the transducer’s aperture increases, the LCR wave trends toward 90
degree ( parallel to the interface between water and steel). So, to increase the directivity of the LCR
wave, the choices are among selecting an optimized incident angle (an angle lager than the first cirtical
incident angle, based on Snell’s law), increasing the transducer center frequency, and increasing the
transducer aperture.
As mentioned in chapter 4, the LCR wave is most sensitive when its propagation direction is the
same as that of the stress. To achieve maximum sensitivity, the possible stress field (or at least its
direction) of the sample should be known. For a known stress axis, such as for the stress generated by
rolling and welding, this is possible, but under most circumstance it is difficult to evaluate the direction
of the stress in advance.
Also, since a LCR wave propagates near the surface of the sample, it is very difficult to detect
possible stresses deeper in the sample. On the hand, if the sample is in the form of a plate-like sample,
Lamb wave are generated rather than LCR waves. Lamb waves will be discussed in the next section.
8.2 Lamb waves for stress measurement
The ultrasonic method for stress characterization in the plate-like material is the Lamb wave, not
bulk waves, that generates in the sample. The ultrasonic method for stress characterization is based on
the change of TOF for ultrasonic velocity. As shown in Eq. 1.1 (Chapter 1), the measured TOF includes
115
the contribution from applied stress, residual stress, texture, and temperature. In this project, only
the applied load was considered in the numerical model; for the experiments, an isotropic aluminum
plate without residual stress was used. The applied load was added to the sample plate to consider the
relationship between load and ultrasound velocity. The experiment was performed at room temperature.
In this project, TOF change is only influenced by applied loads, which assures that all the results about
the relationships between load and ultrasound velocity are reliable.
It is shown that the S1 Lamb wave near the cut-off frequency (Fig. 8.2) is more sensitive than the
effects of stress on velocity by 6 times more than the traditional bulk waves when the wave velocity
and the load are the same direction, and about 10 times more sensitive than the traditional bulk wave
when the wave velocity and loads are perpendicular. That means the influence of other factors, such as
texture and grain size of the measured sample, would be decreased and the measurement resolution will
increase.
Figure 8.2: Diagram showing operating frequency on dispersion curve.
Theoretically, the resolution for the S1 Lamb wave is about 10 times more sensitive than the tradi-
tional bulk waves by using the same experimental system. The resolution of an experimental system
by using the ultrasonic method for characterizing stress is determined by many factors, such as the size
of the sample, the distance between incident transducer and receiving transducer, the roughness of the
sample surface, the signal processing method, etc. For the experimental system used in this project, the
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resolution for stress characterization can reach ± 3 MPa for the perpendicular configuration and ± 6
MPa for the parallel configuration.
However, there remain challenges for the higher order Lamb wave method. For example, it is not
easy to generate higher order Lamb waves near the cut-off frequency (Fig. 8.2). It is usually a very
narrow and highly-dispersive frequency region where the dispersion curve changes sharply. Because of
this dispersion characteristic, it is challenging to keep the S1 Lamb wave near the cut-off frequency. For
example if the plate thickness is not sufficiently stable, the Lamb wave velocity can change because of
thickness variation rather than because of a change in stress.
Generally speaking, the thickness of the sample should keep as constant as possible, the thickness
resolution is determined by both the sample size and the transducer used in the experiment. In real
applications, using the S1 Lamb wave method for stress characterization, it is necessary to monitor the
thickness of the sample. If the thickness varies significantly, its influence should be considered when
calculating the estimated stress based on the dispersion curve and frequency relationships.
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CHAPTER 9. CONCLUSION AND FURTHER WORK
This thesis is focused on enhancing the sensitivity between ultrasound velocity and the stress, using
both LCR waves and Lamb waves for stress/load characterization. It is concluded that the sensitivity
between the LCR wave and the stress/loads can be enhanced with optimized parameters, and that the
sensitivity between the S1 Lamb wave and stress/load is much greater than for bulk waves.
For the LCR wave method, different parameters have been considered, including the center fre-
quency (F), the aperture (D), the incident angle (α) of the transmitting transducer, and the location of
the receiving transducer (L). A detailed directivity analysis for the LCR wave was carried out using
both a numerical model and the Orthogonal Experiment method, with results showing that the cen-
ter frequency (F), the aperture (D), and the incident angle (α) of the transducer all can significantly
influence the directivity for the LCR wave.
However, there are other factors that should be considered when using the LCR wave method for
stress characterization, including the possible depth of the stress in the sample, because the deeper
the stress, the lower the center frequency of the transducer needed to make sure that the wave propa-
gates deep into the sample. For industrial application, all these parameters should be considered and
optimized as a group.
Higher order Lamb waves near the cut-off frequency were found to exhibit enhanced sensitive to
the stress when compared to bulk waves. Further calculations showed that the S1 Lamb mode near
the cut-off frequency is much more sensitive to stress when compared to the bulk waves, being about
10 times more sensitive when the velocity and the stress are perpendicular, and about 6 times more
sensitive when the velocity and the stress are parallel. This suggests a new ultrasonic method for stress
characterization.
To verify the numerical results, experiments using a tone burst system were carried out. One chal-
lenge for the experiment was to stimulate the stable S1 mode near the cut-off frequency when the
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sample’s thickness was not exactly constant, since a change in thickness can lead to an ultrasonic ve-
locity change because of a dispersion relationship, so a thickness monitor is necessary when using the
S1 mode for stress characterization, thickness compensation is needed when the thickness is not stable.
In the samples considered no significant effects due to micro-structure variation were observed.
9.1 Further work
So based on the above discussion, further work is suggested as follows:
1. For the LCR wave method, while methods for increasing the sensitivity of the LCR wave have
been shown, in industrial applications other factors such as the real depth of the stress must be consid-
ered. Therefore, for specific applications a more detailed analysis is needed.
2. With respect to the Lamb wave method for stress characterization, this experimental work has been
restricted to applied loads. For residual stress characterization, more experiments should be designed
to study residual stress, a much more complex topic.
3. In using the S1 mode for stress characterization, the thickness of the sample can vary, and monitoring
the thickness of the sample is required, and compensation to account for thickness variation is neces-
sary.
4. While currently-used methods are contact methods, non-contact methods, like using air-coupled
transducers and Electro Magnetic Acoustic Transducer (EMAT) to enhance detection efficiency, could
be considered.
5. The methods described in the thesis for enhancing sensitivity between stress and ultrasound velocity
are based on parameter optimizing (for the LCR wave method) and applying new higher order Lamb
modes (the S1 Lamb mode); the acoustoelasticity is not changed. If research could be focused on the
physics involved in enhancement of acoustoelasticity relating the stress to ultrasound velocity, a big
step in using ultrasonic methods for stress characterization might be possible.
In summary, although methods for enhancing the sensitivity between ultrasound velocity and stress
have been described, there are still many remaining challenges for industrial application.
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APPENDIX A. ULTRASOUND VELOCITY AND STRESS RELATIONSHIP
In order to establish the relationship between wave velocity and higher order elastic constants, the
wave governing equations in prestressed media are needed. Toupin and Berstein (Toupin and Bernstein
1961) defined three states (natural state: the natural state without stress; initial state: the deformed
state with stress; final state: wave motion added to the initial state) for determining the acoustoelasitc
constants. The following contents are following their definition.
Figure A.1: Coordinates describing a material point at the natural (ξ), initial (X), and final (x) config-
uration of a predeformed body.
As is shown in Fig. A.1, a physical particle in the natural, initial and final state is expressed by
a superscript label 0, i , and f respectively. The position of a particle in the body at natural, initial
and final states are expressed by the vector ξ, Xand x respectively. The components of ξ in different
directions refer to natural coordinate denoted by Greek subscripts; the components ofX refer to initial
coordinate denoted by upper case Roman subscripts; the components of x refer to the final coordinate
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denoted by lower case Roman subscripts. Then in these three different configurations the vectors can
be expressed as: ξα,XJ and xj (α, J, j = 1, 2, 3).
From the natural to the initial states, the deformation is static and it can be expressed as ui; from the
initial to the final states the displacement is written as uf . These vectors related to the position vectors
can be written as:
ui(ξ) = X− ξ
uf (ξ, t) = x− ξ
(A.1)
Then the displacement from initial to final state can be written as:
u(ξ, t) = x− X = uf − ui (A.2)
The deformation gradient tensor F can be written as:
F =
∂x
∂ξ
= I +
∂uf
∂ξ
(A.3)
Where I is the unit tensor.
The form of component of F can be written as:
Fij =
∂xi
∂ξj
= δij +
∂ufi
∂ξj
(A.4)
Where δij is Kronecker unit tensor, δij = 1 (i = j), δij = 0 (i 6= j).
For a infinitesimal element dξ, after transformation is shown as dx. The difference of these two
squares can describe the absolute value change of the length:
dx2 − dξ2 = dxdx− dξdξ = 2dξEda (A.5)
Where E is Lagrangian strain tensor.
The relationship between Lagrangian strain tensor E and deformation gradient tensor F can be
written as:
E =
1
2
(FTF− I) (A.6)
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Where FT is the transfposed tensor of F.
The total strain (Eij) comprises the strain in the deformed status (Eiij) plus the strain from wave
motion (E¯ij), the total strain can be written as:
Eij =
1
2
(
∂xα
∂ai
∂xα
∂aj
− δij) (A.7)
Where
Eij = E
i
ij + E¯ij ; (A.8)
Considering Eq. A.1 and Eq. A.2, Eq. A.7 can be rewritten as:
Eij =
1
2
(
∂xα
∂ξi
∂xα
∂ξj
− δij)
=
1
2
((
∂(ξα + u
i
α)
∂ξi
+
∂uα
∂ξi
)(
∂(ξα + u
i
α)
∂ξj
+
∂uα
∂ξj
)− δij)
=
1
2
(
∂(ξα + u
i
α)
∂ξi
∂(ξα + u
i
α)
∂ξj
− δij) + 1
2
(
∂(ξα + u
i
α)
∂ξi
∂uα
∂ξj
+
∂(ξα + u
i
α)
∂ξj
∂uα
∂ξi
+ (
∂uα
∂ξi
)(
∂uα
∂ξj
))
(A.9)
The first part in Eq. A.9 refers to Eiij (the strain in the deformed status) while the second part refers
to E¯ij (wave motion).
Omitting the higher order term (∂uα∂ξi )(
∂uα
∂ξj
), the E¯ij can be written as:
E¯ij ≈ 1
2
[(δαi +
∂uiα
∂ξi
)
∂uα
∂Xβ
∂Xβ
∂ξj
+ (δαj +
∂uiα
∂ξj
)
∂uα
∂Xβ
∂Xβ
∂ξi
]
=
1
2
[(δαi +
∂uiα
∂ξi
)(δβj +
∂uiβ
∂ξj
) + (δαi +
∂uiα
∂ξj
)(δβi +
∂uiβ
∂ξi
)]
∂uα
∂Xβ
(A.10)
Considering the symmetry of Eq. A.10, it can be simplified as:
E¯ij =
1
2
(δαi +
∂uiα
∂ai
)(δβj +
∂uiβ
∂aj
)(
∂uα
∂Xβ
+
∂uβ
∂Xα
) (A.11)
Following Eq. A.11, E¯11, E¯22, E¯33, E¯12, E¯13, E¯23 can be obtained.
For stress expression, it should begin with strain energy:
ρφ = A0I1 +
(λ+ 2µ)
2
I21 − 2µI2 +
(l +m)
3
I31 − 2mI1I2 + nI3 (A.12)
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Where ρφ is the unit energy for the deformed isotropic solid, A0 is the parameter; λ and µ are second
order elastic constants (Lame constants), l, m and n are third order elastic constants (Murnaghan’s
third-order elastic constants). Three invariants I1, I2 and I3 are defined as:
I1 = E
i
11 + E
i
22 + E
i
33
I2 =
∣∣∣∣∣∣∣
Ei22 E
i
23
Ei32 E
i
33
∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
Ei33 E
i
31
Ei13 E
i
11
∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
Ei11 E
i
12
Ei21 E
i
22
∣∣∣∣∣∣∣
I3 =
∣∣∣∣∣∣∣∣∣∣
Ei11 E
i
12 E
i
13
Ei21 E
i
22 E
i
23
Ei31 E
i
32 E
i
33
∣∣∣∣∣∣∣∣∣∣
(A.13)
The relationship between stress and the unit energy can be shown as:
Tij = Jiα
∂(ρ0φ)
∂Eiαj
(A.14)
Where Jiα is the Jacobian matrix.
Following Eq. A.14,
∂(ρ0φ)
∂Eiij
=((λ+ 2µ)I1 + (l + 2m)I
2
1 − 2mI2)
∂I1
∂Eiij
− 2(µ+mI1) ∂I2
∂Eiij
+ n
∂I3
∂Eiij
(A.15)
Where
∂I1
∂Ei11
= 1
∂I1
∂Ei23
= 0
∂I2
∂Ei11
= Ei22 + E
i
33 = I1 − Ei11
∂I2
∂Ei23
= −Ei32
∂I3
∂Ei11
= Ei22E
i
33 − Ei23Ei32
∂I3
∂Ei23
= Ei12E
i
31 − Ei11Ei32 =
∣∣∣∣∣∣∣
Ei11 E
i
12
Ei31 E
i
32
∣∣∣∣∣∣∣
(A.16)
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Following Eq. A.15, ∂(ρφ)
∂Ei11
, ∂(ρφ)
∂Ei22
, ∂(ρφ)
∂Ei33
, ∂(ρφ)
∂Ei23
, ∂(ρφ)
∂Ei31
, ∂(ρφ)
∂Ei12
can be obtained.
The total stress (Tij) comprises the stress in the deformed status (T iij) plus the stress from wave
motion (T¯ij), the total stress can be written as:
Tij = T
i
ij + T¯ij (A.17)
Considering Eq. A.14,
Tij = Jiα
∂(ρ0φ)
∂Eiαj
= (J iiα + J¯iα)(
∂(ρφ)i
∂Eiαj
+
∂ ¯(ρφ)
∂Eiαj
)
= J iiα
∂(ρ0φ)
i
∂Eiαj
+ J¯iα
∂(ρ0φ)
i
∂Eiαj
+ J iα
∂ ¯(ρ0φ)
∂Eiαj
+ J¯iα
∂ ¯(ρ0φ)
∂Eiαj
(A.18)
The elements of the Jacobian matrix can be written as:
Jiα =
∂xi
∂ξi
J iiα =
∂Xi
∂ξα
=
∂(ξi + u
i
i)
∂ξα
J¯ iiα = Jiα − J iiα =
∂xi
∂ξα
− ∂Xi
∂ξα
=
∂ui
∂ξα
(A.19)
Considering Eq. A.18 and omitting higher order term J¯iα
∂ ¯(ρ0φ)
∂Eiαj
, the expression for T iij can be writ-
ten as:
T iij ≈ J¯iα
∂(ρ0φ)
i
∂Eiαj
+ J iα
∂ ¯(ρ0φ)
∂Eiαj
(A.20)
Considering Eq. A.20, T i11, T
i
22, T
i
33, T
i
23, T
i
12 and T
i
31 can be obtained.
Considering the equation of motion for the elastic wave:
ρ
∂2ui
∂t2
=
∂T iiα
∂ξα
=
∂T iiα
∂Xβ
∂Xβ
∂ξα
(A.21)
The possible solution can be written as:
ui = Aexpi(ωt− kXi) (A.22)
Where A is the amplitude, ω is the angular frequency, k is the wave number.
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For the longitudinal wave, the equation of motion can be written as:
ρ
∂2u1
∂t2
=
∂T i1α
∂Xβ
∂Xβ
∂ξα
=
∂T i11
∂Xβ
∂Xβ
∂ξ1
+
∂T i12
∂Xβ
∂Xβ
∂ξ2
+
∂T i13
∂Xβ
∂Xβ
∂ξ3
(A.23)
Expanding Eq. A.23:
ρ
∂2u1
∂t2
=
∂T i11
∂X1
(1 +
∂ui1
∂ξ1
) +
∂T i12
∂Xβ
(1 +
∂ui2
∂ξ2
) +
∂T i13
∂Xβ
(1 +
∂ui3
∂ξ3
) (A.24)
Considering Eq. A.10, Eq. A.15 and Eq. A.21, Eq. A.23 can be rewritten as:
ρ0V
2
11 = (1 + E
i
1)(λ+ 2µ+ (λ+ 2l)I1 + (3λ+ 8µ+ 4m)E
i
1)
≈ λ+ 2µ+ (2l + λ)Ei + (4m+ 4λ+ 10µ)Ei1
(A.25)
Where Ei = Ei1 + E
i
2 + E
i
3
For more details and the expression for velocities in more directions, please following the work by
Takahashi and Motegi (2015).
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APPENDIX B. THE ORTHOGONAL EXPERIMENT TABLE L273 USED FOR THE
DATA ANALYSIS
The L273 table is used for the data analysis.
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Table B.1: Orthogonal Experiment Table of L273
F D F*D 1 F*D 2 α L Error 8 9 10 11 12 13
Num 1 2 3 4 5 6 7 8 9 10 11 12 13
1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 2 2 2 2 2 2 2 2 2
3 1 1 1 1 3 3 3 3 3 3 3 3 3
4 1 2 2 2 1 1 1 2 2 2 3 3 3
5 1 2 2 2 2 2 2 3 3 3 1 1 1
6 1 2 2 2 3 3 3 1 1 1 2 2 2
7 1 3 3 3 1 1 1 3 3 3 2 2 2
8 1 3 3 3 2 2 2 1 1 1 3 3 3
9 1 3 3 3 3 3 3 2 2 2 1 1 1
10 2 1 2 3 1 2 3 1 2 3 1 2 3
11 2 1 2 3 2 3 1 2 3 1 2 3 1
12 2 1 2 3 3 1 2 3 1 2 3 1 2
13 2 2 3 1 1 2 3 2 3 1 3 1 1
14 2 2 3 1 2 3 1 3 1 2 1 2 2
15 2 2 3 1 3 1 2 1 2 3 2 3 3
16 2 2 2 2 1 1 1 2 2 2 3 3 3
17 2 3 1 2 2 3 1 1 2 3 3 1 3
18 2 3 1 2 3 1 2 2 3 1 1 2 1
19 3 1 3 2 1 3 2 1 3 2 1 3 1
20 3 1 3 2 2 1 3 2 1 3 2 1 2
21 3 1 3 2 3 2 1 3 2 1 3 2 3
22 3 2 1 3 1 3 2 2 1 3 3 2 2
23 3 2 1 3 2 1 3 3 2 1 1 3 3
24 3 2 1 3 3 2 1 1 3 2 2 1 1
25 3 3 2 1 1 3 2 3 2 1 2 3 1
26 3 3 2 1 2 1 3 1 3 2 3 2 2
27 3 3 2 1 3 2 1 2 1 3 1 3 3
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APPENDIX C. WAVES PROPAGATING IN ISOTROPIC AND ANISOTROPIC
PLATES
C.1 Waves propagate in isotropic plates
The governing wave equations can govern different kinds of waves for different shape samples with
different boundary conditions. For Lamb waves it can be generated in a plate shape samples with two
free boundaries, it is also called Rayleigh-Lamb waves. One useful method used for solving Lamb
wave governing equations is the partial wave technique (Rose 2004), the advantage of the partial wave
technique is that it can solve the governing wave equation straightly with obviously physical feature.
A schematic for plates is shown in Fig. C.1. Considering an infinite plate with thickness d, its
normal vectors aligned with the x3 axis. Supposing the solution of the plate wave in the form:
uj = Uje
iξ(x1+αx3−ct) (C.1)
Where ~u is the displacement vector and ~U is the amplitude of displacement; ξ is the wave-number along
x1 direction; ξα stands for the wave-number along x3 direction; c is the velocity along x1 direction.
Figure C.1: Schematic showing coordinates for plates.
Substituting the solution form of Eq. C.1 to Eq. 4.4, yields:
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
−λ− (2 + α2)µ+ c2ρ 0 −α(λ+ µ)
0 −(1 + α2)µ+ c2ρ 0
−α(λ+ µ) 0 −µ− α2(λ+ 2µ) + c2ρ


U1
U2
U3
 = 0 (C.2)
The above Eq. C.2 shows the amplitude displacement in different directions, the displacement in
the x2 direction, which stands for the shear horizontal (SH) wave, is independent from that in the x1
and x3 direction which stand for the mix of the shear vertical (SV) wave and the longitudinal (L) wave.
In order to get non-zero displacement amplitude, the determinant of the matrix on the left in Eq. C.2
should go to zero. Then the following two equations can obtained, for the SH waves:
(1 + α2)µ− c2ρ = 0 (C.3)
For mixed SV and L waves:
((1 + α2)µ− c2ρ)((1 + α2)(λ+ 2µ)− c2ρ) = 0 (C.4)
For the SH wave, Eq. C.3 with the order of two, it should have two possible solutions (α1 and α2)
while for the mixed SV and L waves, Eq. C.4, it has four possible solutions (α3, α4, α5, α6).
Based on the strain-displacement relation and the constitutive equation, the displacement and stress
in different directions can be expressed as (Gandhi, 2010):
For SH waves:
{u1, u2, u3} =
2∑
q=1
{0, 1, 0}U2qeiξ(x1+αqx3−ct),
{σ13, σ23, σ33} =
2∑
q=1
iξ{0, µαq, 0}U2qeiξ(x1+αqx3−ct)
(C.5)
and for SV and L waves:
{u1, u2, u3} =
6∑
q=3
{1, 0, R(αq)}U1qeiξ(x1+αqx3−ct),
{σ13, σ23, σ33} =
6∑
q=3
iξ{D1q, D2q, D3q}U1qeiξ(x1+αqx3−ct)
(C.6)
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Where
{D1q, D2q, D3q} = {µ(R(αq) + αq), 0, λ+ (λ+ 2µ)R(αq)αq};
R(αq) = −
λ+ (2 + α2q)µ− c2ρ
αq(λ+ µ)
(C.7)
Applying free boundary conditions σ13 = σ23 = σ33 = 0 to the expression of σ13, σ23, σ33 at the
boundaries x3 = ±d2 , for SH waves: e 12 idξα1µα1 e 12 idξα2µα2
e−
1
2
idξα1µα1 e
− 1
2
idξα2µα2

U21
U22
 = 0 (C.8)
and for SV and L waves:

D13E3 D14E4 D15E5 D16E6
D33E3 D34E4 D35E5 D36E6
D13E˜3 D14E˜4 D15E˜5 D16E˜6
D33E˜3 D34E˜4 D35E˜5 D36E˜6


U13
U14
U15
U16

= 0 (C.9)
Where Eq = eiξαqd/2 and E˜q = e−iξαqd/2.
For non-zero solution of the displacement amplitude, the determinants of Eq. C.8 and Eq. C.9 should
go to zero, which can lead to the dispersion relationship for SH waves, and mixed SV and L waves.
For SH waves:
sin(dξα3) = 0 (C.10)
and for SV and L waves:
tan(qh)
tan(ph)
= −[ 4k
2pq
(q2 − k2)2 ]
± (C.11)
Where”+” refers to symmetric modes and ”-” refers to anti-symmetric modes.
C.2 Waves propagate in anisotropic plates
This section is followed by the work done by Nayfeh and Chimenti (1989). Considering an infinite
triclinic symmetry anisotropic plate with thickness h, where normal axis is coincident with the x
′
3-axis
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of a reference Cartesian system x
′
i = (x
′
1, x
′
2, x
′
3). The mid-plane of the plate is chosen to accordant
with the x
′
1-x
′
2 axis. For plane waves propagating in a direction that make an arbitrary angle φ with the
x
′
1 axis, these waves can be calculated in a transformed coordinate system xi by rotating the reference
axes x
′
1, x
′
2 about the x
′
3 through the angle φ, as is shown in Fig. C.2.
Figure C.2: Schematic showing coordinates for anisotropic plates.
Considering the case of waves in the transformed system, the general solution for the waves in
anisotropic plates can be written as (same as the wave in isotropic plates):
uj = Uje
iξ(x1+αx3−ct) (C.12)
Substituting the Eq. C.12 to the Christoffel Eq. 4.15:
(λmn(α)− δmn)Un = 0 (C.13)
For λ11 it can be written as :
λ11 = C1111n1n1 + C1211n2n1 + C1311n3n1
+C1121n1n2 + C1221n2n2 + C1321n3n2
+C1131n1n3 + C1231n2n3 + C1331n3n3
(C.14)
Using the standard contracted subscript notations for Cikjl, it can be written as Cnm: when i = k,
then n = i; when j = l, then m = j; on the other side, when i 6= k, then n = 9− (i+ k); when j 6= l,
then m = 9 − (j + l). n1, n2 and n3 stand for normal cosine of the wave front. Following the above
rule, the Eq. C.14 can be written as:
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λ11 = C11 + 2C15α+ C55α
2 (C.15)
Supposing Kmn(α) = λmn(α) − δmn, the elements of the matrix K are shown in the following
form:
K11 = C11 + 2C15α+ C55α
2 − ρc2,
K12 = C16 + (C14 + C56)α+ C45α
2,
K13 = C15 + (C13 + C55)α+ C35α
2,
K22 = C66 + 2C46α+ C44α
2 − ρc2,
K23 = C56 + (C36 + C45)α+ C34α
2,
K33 = C55 + 2C35α+ C33α
2 − ρc2,
(C.16)
For the existance of non-trivial solutions, the determinant of K must go to zero. This produces a 6th
order equation with six possible solutions αq, q = 1, 2, 3, 4, 5, 6. Different α refers to different guided
wave velocity.
Also based on the strain-displacement relation and the constitutive equation, the displace and stress
can be expressed as:
{u1, u2, u3} =
6∑
q=1
{1, V (αq),W (αq)}U1qeiξ(x1+αqx3−ct),
{σ33, σ23, σ13} =
6∑
q=1
iξ{D1q, D2q, D3q}U1qeiξ(x1+αqx3−ct)
(C.17)
Where
Vq(αq) =
K11(αq)K23(αq)−K13(αq)K12(αq)
K13(αq)K22(αq)−K12(αq)K23(αq)
Wq(αq) =
K11(αq)K23(αq)−K13(αq)K12(αq)
K33(αq)K23(αq)−K13(αq)K23(αq)
(C.18)
and
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D1q = [C13 + αC35 + (C36 + αqC34)Vq + (C35 + αC33)Wq]
D2q = [C15 + αC55 + (C56 + αqC45)Vq + (C55 + αC35)Wq]
D3q = [C14 + αC45 + (C46 + αqC44)Vq + (C45 + αC34)Wq]
(C.19)
Then applying free boundary conditions σ13 = σ23 = σ33 = 0 to the expression of σ13, σ23, σ33
at the boundaries x3 = ±d2 , which can result in six equations about displacement amplitudes U11, U12,
· · ·, U16. For the exist of nontrivial solutions, the determination of coefficients should go to zero:

D11E1 D12E2 D13E3 D14E4 D15E5 D16E6
D21E1 D22E2 D23E3 D24E4 D25E5 D26E6
D31E1 D32E2 D33E3 D34E4 D35E5 D36E6
D11E˜1 D12E˜2 D13E˜3 D14E˜4 D15E˜5 D16E˜6
D21E˜1 D22E˜2 D23E˜3 D24E˜4 D25E˜5 D26E˜6
D31E˜1 D32E˜2 D33E˜3 D34E˜4 D35E˜5 D36E˜6

= 0 (C.20)
Where Eq = eiξαqd/2 and E˜q = e−iξαqd/2.
Solving Eq. C.20 will generate the dispersion relationship for waves in anisotropic plates.
